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contributions 


Coupled Leaky Waveguides II: Two 
Parallel Slits in a Cylinder* 


S. NISHIDAT 


Summary—Theoretical expressions are derived for the effects of 
mutual coupling between two parallel leaky wave antennas which 
consists of slitted rectangular waveguides located in a cylinder. The 
expressions derived are presented in terms of the results for the 
mutual coupling of the same antennas but located in an infinite plane, 
with additional terms due to the curvature of the cylinder. The 
graphical presentation of the numerical attenuation constants for 
the cylindrical case are compared with those for the infinite plane. 


I. INTRODUCTION 


N this paper, two parallel slits in a cylinder with a 
| large radius, which are excited by two slitted rect- 

angular waveguides of the same dimensions carry- 
ing the Hi leaky wave, will be investigated by employ- 
ing the same analytical techniques as in the companion 
paper.! The physical structure involved in this prob- 
lem, as shown in Fig. 1, has a symmetry plane which 
bisects the distance between the two slits. This prob- 
lem, therefore, may be reduced to two problems for the 
in-phase excitation and the out-of-phase excitation in 
the same manner as in the companion paper. Both of 
these orthogonal cases will be described here, but prob- 
lems with arbitrarily excited slits may be solved by 
superposing these two cases. 


* Manuscript received by the PGAP, August 4, 1959; revised 
manuscipt received, January 18, 1960. The research reported was 
conducted under Contract AF-19(604)-2031 sponsored by the AF 
Cambridge Res. Ctr., Air Res. and Dev. Command. 

{ Microwave Res. Inst., Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y.; on leave of absence from Tohoku University, Sen- 
dai, Japan. 

1S. Nishida, “Coupled leaky waveguides I: Two parallel slits in 
a plane,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-8, 
pp. 323-330; May, 1960. 


Fig. 1—The cross section of a cylinder with two parallel slits 
by waveguides (original problem). 


In cylindrical problems with large radius, in general, 
the Green’s function on the cylinder may be expressed 
by the so-called harmonic series which is very slowly 
convergent. It may, therefore, be necessary to obtain an 
alternative expression for the Green's function for com- 
putational purposes. The problem in this paper requires 
that the Green’s function be defined in the shadow 
region in order to obtain the external admittance at the 
slit for use in a transverse network representation. For 
closely coupled slits, which are of the greatest interest 
here, it becomes necessary to employ an approximation 
for the Green’s function which is valid in the portion 
of the shadow region adjacent to the illuminated region. 
The well-known residue series expression for the Green’s 
function, which is a transformation of the harmonic 
series, is not a convenient representation because of its 
slow convergence in this case. 

In this paper a more convenient representation for 
computational purposes is presented, which is ex- 
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pressed in terms of the infinite plane result derived in 
the companion paper, with additional terms due to the 
curvature of the cylinder. This representation is 
checked numerically and compared with the real part of 
the harmonic series. It will be shown in Fig. 3, as an ex- 
ample, that the comparison gives very good agreement 
in the case of close coupling. 

By using the above representation, the external ad- 
mittance to be employed in the transverse network 
representation will be derived in Sections IV and VI for 
in-phase and out-of-phase excitation, respectively. The 
attenuation constant of the leaky wave associated with 
‘the in-phase excitation then will be computed numeri- 
cally as a typical example. The results are compared 
with the attenuation constant of the identical antenna 

located in an infinite plane. 

Numerical results calculated for two different radii 
are presented in graphical form in Figs. 5 and 6. The 
calculations show that the values of attenuation 

constant for the wave guided along the cylinder oscillate 

with separation between the slits in a manner similar 
to that of the infinite plane case. The decay of the oscil- 
lations, however, is more rapid with a decrease in the 

_ radius of the cylinder, although the attenuation con- 

stants all have the same value for small separations. 

Figs. 5 and 6 also show that the period of the oscilla- 

’ tions becomes longer with a decrease in the radius of 

the cylinder. 


II. IN-PHASE EXCITATION 


In this case the problem is reduced to that of a single 
leaky waveguide with an electric wall which bisects the 
distance between the two waveguides, as shown in 
Fig. 2. 


ELEC. WALL 


Fig. 2—The cross section of the reduced problem for 
in-phase excitation. 


If the radius of the cylinder c is large enough com- 
pared with the dimensions of the waveguide, the influ- 
ence of the curvature of a slitted side wall on the in- 
ternal admittance employed in the transverse network 
_ representation may be ignored. Then, the problem can 
be treated in the same way as for that in the companion 
paper,’ 4.é., 


y’ = Vink: = Vets 


where Y’ represents the normalized admittance of the 
slit terminated in free space and where 


2 Ibid., Eqs. (1) to (5). 
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¥ Kb ra aes 
Vie eo | 'CSC =), kK = Vk? — B,?. 
T 2b 


The Green’s function in the open region is given by 


in2} 


Go, 0) = >> (- =) cos (”@) cos (n6’) 


n=0 


J n(kp<) Nn! (Kc) — Nn(Ko<)In' (Kc) } Hn (kp) 


Hy, 2)! (kc) (1) 


for a circular cylinder co-ordinates, (f, 6, 2), z-direction 
of which coincides with the cylinder axis, where 


é, = 2 for x + 0 or 1 for w = 0; 


and 


0H, (x) 
TO ce) ee ete 


Ox 


The associated dyadic admittance zo-y(0, 0’) -Zo, there- 
fore, is written as 


Zo: yO, 6’) *ZO0 


O  venk HH, (kc) 
=) - cosi(78) cos (nt) \== 
n=0 JOUTC A, (ke) 


(2) 


where 
y(, 0) = Ly(e, rps =e 


Thus, the external admittance desired here is obtained 
as follows: 


1 ty ty 
Vet = —f cd J cd0'zy y(8, 8”) -Zo (3) 
ty ty 


where 
po 


= = 


Rey get and d= cdo. 
2 2 


Or, carrying out integration, we have 


np 
4e,Kc sin” (“") 
2 H,,° (xc) 


Oe) cos? (nd). (4) 


Vast = - 


n=0 


juprdn® 


The normalized external admittance, therefore, is 


("8 
2 H,, (kc) 


Hy," (ke) 


cos? (ng). (5) 
jrdn* 

Eq. (5) is the result desired here, but it is not a con- 
venient expression for numerical computation because 
of the slow convergence of its imaginary part. An al- 
ternative and more rapidly convergent expression is ob- 
tained from (5) in Sections III and IV below. 
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Let (5) first be recast into a more useful form. Since 


np 
4c? sin? (“") F 
2 ¢ ¢ u—uU 
={ auf du’ cos {n( )} : 
n? 0 0 Cc 


(5) becomes as follows: 


b d d 
Vat = —{ auf du’ Yo 
d Jo 0 


2 en a (Ke) : (6) 


Vm Dy ae 


n=d m=0,1 famed H,,)’(kc) 


u—w 
-COs fn (2m + \p 
C 


II]. APPROXIMATE REPRESENTATION OF Y, 


where 


Eq. (6) can be rewritten as follows: 


Vike Ss 
m=0,1 
2 AA ANKE 
Ps = K >s une (Ph) 
perl A (KE) 


where 
1 “— u 


K = — and dm = 2m¢+ 
jard : ? C 


Eq. (7) may be transformed into an integral representa- 
tion in the complex v-plane by employing Watson’s 
transformation.* We, therefore, write 


Hy (noes ine 2? * 
Pa= Kf eS, (8) 
Oe, cH ne). 27 sinter 


where the contours Cit and C, are from — + e to 
co +je and from —  —je to » —je, respectively. Put- 
ting y=ct and defining 


Ef «4 (ke) eicem 

Oy ree Le 
He’ (kc) 27 sin (ctr) 
Her (xc) 1 
Hig" («c) 1 — en iter 

we have 
dee f ee ce dt. (9) 
Cc +0, 


Now, let us consider the following function: 


Ae, (é) 


ft = . 
Oe — ee 


3H. Bremmer, “Terrestrial Radio Waves,” Elsevier Publishi 
Co., Inc., New York, N. Y., p. 31; 1949. BEVICK LUD SII 


The function f,(£) is finite on the positive real axis in 
the complex £-plane. We, therefore, have the formula 


1 Cc—% 4 ia 
pall rrrmmryramn yO SIEGE Ps 


where 7 is a positive real number, 7>>c and the contour 
L encloses only two poles, =c and =n. Thus, (9) be- 
comes 


fot Kf. _ SilnetePmtdt 
C,+C 


c—1 ; 
+ K | ——————¢é 1(E)e-*eomtdt, (11) 
myles = ch =0q) Gye; 
Pm = O01 + Qs. 


In the first integral of the above equation, Qi, we see 
that since 
1 — 0 on Cyt as 7 =>, 


1—e?r™_-+1 on Cy asq-re, 


Q, may be written as follows: 


QQ; = lim K tae file ?omtdt, 


1 pa C.+C. 


An, (xn) : 
Qi, = lim K = ¢-icomiq}, 
ead Cc. An, (kn) 


Ole 
Qi = jrxK Hy (kchm). (12) 


The second integral of (11), Qs, will be evaluated by the 
saddle point method. It may be decomposed into two 
terms by introducing the relations 


1 


1 — en i2ret 


co 
= SS er or te Onan: 
n=0 


) 


= — Dreintlré on Cyt 


n=) 


that is 


Or= 2, K nh) + gn dé: 
igs tewrrmse rss 4 Se 


where 
H C2) if 
Gn -f Bel E13 ebm—(2n-+1) rE} te es 
ot Hep)" (ké) ? 
H:,® 
Gn? -{ Bal) et cbmt2nrt) edt 
og" (xe) 


The leading term of Q2, however, is given by the term 
qo. Since we can approximate Q2 by go, we will 
evaluate only this term. 


*S. Sensiper, “Cylindrical radio wave,” IRE Trans. on AN- 
TENNAS AND PRopAGATION, vol. AP-5, pp. 56-70; January, 1957. 
See especially pp. 68, 69. 
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Introducing the integral expression of the Hankel 
functions® 


=A —Bric 
H, (sz) epee eiz cos rita (ri—ml2) gr, 
’ 
Tv B—joo 
1 T—B+joo 
H,(z) oo e772 cos ra (79-412) dro 
TY —r+B—joo 
where 


aire <0 <n are, 


into go in (13), we have the following integral expres- 


- sion for go: 


Tw. 


Hi, 
go =f. EAN ee asi 
Cc, He,’ (ké) 
—B+j0 a—B+700 
-{. at { anf dt, Ae, (14) 

Cc B—joo —1+f—joo 

where 
—j COS 71 


2A ee)" (cE) Hee" (xé) 


h = x&(cos 1 — cos T2) + e(rs —T2-— =) 


Let the saddle point be (fo, 710, T20) and the values of A 
and fh at this point Ao and fo; then we have approxi- 


mately® 


qe = (15) 


Ao 
where A, is Hesse’s determinant evaluated at the sad- 
dle point. 

The saddle point is obtained from 
Oh oh oh 
=—=0 


? 


OT1 OT2 = at a 
that is, 
lo = K SiN T19 = K SIN T29 
Chm (16) 
PON a 200 a “fs : 
At this point, we have 
ho = — xé(cOS T29 — COS T10) = — 2ké COS T20, 
—K& COS Ti0, 0, é 
Ao = 7° 0, KECOST20, —& (17) 
g aks 0 


= jxé(cos T29 — COS Tio) 


=> 27K? COS T9209. 


5 Tbid., p. 61. | 
6 H. Bremmer, op. cit., p. 24.- - 
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Since the wave number xk has a small imaginary part with 
negative sign, ty in (17) should be negative in value be- 
cause the integral may exist as > «. The saddle point, 
therefore, is 


Tv Chm ) 
T LOR ea wer rie ra 
Z 2 
T Chm 
a (18) 
2 2é 
, Chm 
to = K SIN T19 = K COS—— » 
2 
from (16) and (17) becomes 
CPm 
ho = — 2ké sin, 
(19) 
Chin 
Ao = 27xé sin — - 
2§ 


Furthermore, the product of the derivatives of the 
Hankel functions may be given approximately’ as 


Hee,” (KE) Het,” (xé) 


20 2 
Sin (=) r (=) oa |» 
3 3 


= 5 (ce) 920) 
: 3a 
~ 0.844 (KE)—4/3, (21) 
for cos Chm /2€ near unity. 
Substituting (19) and (21) into (14), we have 
=~ 3 Chm : ; 
K2v/20/xé sin vis ei (2nk sin chm/2E—m'4) 
goO~—j 7 » (22) 
i Chm 
0.844 2xé sin —— 
V1 / Ké 2 
Kv/KChm en) (Kbm—t |4) 
3 (23) 


0.597/rV/(«é)? 
for cos Chm/2& near unity. 


The above results are valid for large positive values 
of &. For £ in the vicinity of 7, (23) becomes more exact 
because 7 is sufficiently large. We can readily show that 


lim [Eq. (23) ]z-, = 0. (24) 
no 
Thus, the first equation of (13) becomes 
Qo jaeKi(c) 
where (25) 


/Kchm e7 (Kedm—m /4) 


0.597 4/18 (kc)? 


1G) = — 


for cos @m/2 near unity. 


7 This expression has been derived from relations given in P. M. 
Morse and H. Feshbach, “Methods of Theoretical Physics, earteliee 
McGraw-Hill Book Co., Inc., New York, N. Y., p. 631; 1953. 
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Using the results of (12) and (25), (11) becomes 


Py = jaxK [Ho (xchm) + f(c)]. (26) 


Hence, we have 


Yeas = [Ho(kcbn) + f(0)]. (27) 


m=0,1 


IV. ExTERNAL ADMITTANCE FOR 
IN-PHASE EXCITATION 


The normalized external admittance, Yerr’, can be 
derived by substituting (27) into (6), that is, 


b Z e 
Va = —{ du f du! SS sige | H° (kchm) + fo], (28) 
Goal i 0 mao 2d 


where 
u— u’ 
C 
KC@m E71 (Keom—T/ 4) . 
fl~- NE — for na unity. 
0.597 4/1? W (kc)? 2 


The first term of (28) is exactly the same as that 


_ described in (9) of the companion paper, 7.e., as that 


for the external admittance of two parallel slits of spac- 
ing 2 mc¢@ in an infinite plane. The second term, there- 
fore, must be an additional term due to the curvature 
of the cylinder. In (28), if Kd«1 and d=cdy<K2cd, the 
integral of the second term for m=0 may be neglected 
in this problem because of its small value compared 
with the integral for m=1. Furthermore, the integral 
of f(c) may be obtained approximately by integrating 
the exponential contained in f(c). Since 


d d 
f du f du’ eixu—u!) 
0 0 
y 


= — (1 — cosxd) > @ 


K2 


for | xd| «1, (29) 
we can readily lead (28) to 


Kb 
Vert, = 2 [4 ete J o(2xc¢) | 


+52 [= ee Ke) 
J n 2 — No(2ac6) | 


2a ear K 


Kb V/ 2xch ei (2ncb—m/4) 
wey ae. a 3 
2 0.597 V8 (Kc)? (30) 


by using the results in the companion paper. Thus 
letting 


’ 


Vor = G’ Be Dex te 
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for real x, we have 
st dares f / Tv 
/ 2«ch cos( 2ecd — *) 


0.597 9/28 (xc)? 


if (31) 


KD 
(ey aa lt + Jo(2xch) — 


KbT 2 Te 
B | =n — No(2kcd) 
2 d 


ext —; 
T YK 


/ 2xcd sin (2x06 — =) 
0.597 +/ 1347 (xc)? 


ah (32) 


for cd<1 and cos ¢ near unity. 

’ In order to check the above results, (31) is plotted in 
Fig. 3 with xc=10 and compared with the real part 
(corresponding to G’) of the harmonic series of (5). It is 
found that they are in very good agreement for small 
values of 2¢. 


V. OuT-oF-PHASE EXCITATION 


The same analysis can be employed in this case as 
in Sections II and III for the reduced problem shown 
in Fig. 4. 


0.2 0.4 06 08 1.0 in radians 
10° 20° 30° 40° 50° 60° in degrees 
— rey 


Fig, 3-—The normalized conductance for xc=10 plotted against the 
spacing between slits calculated by (5) and (31). xc=10, —@— 
ace approximate expression (31), © represents harmonic 
series 
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Fig. 4—The cross section of the reduced problem for out- 
of-phase excitation. 


— G(e, 9’) = x (—1) sin (@) sin (n6’) 
{In(kp<) Nn! (Ke) — Nn(kp<)In'(xc)} Hn® (kps) 
H,."(xc) - (33) 
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The Green’s function in the open region in this case 
is given by 


The associated dyadic admittance zo: y(6, 6’) -zo, there- 


_ fore, is written as 


~ 


Zo: y(O, 0’) +z = s : s sin (70) sin Gaye eae 


n=1 JOMNC Ay say’ 
q where 
(6, 6’) = [y(o, 0°) lve. (34) 
_ Thus, we have the following normalized external admit- 
tance: 
wu 
Ya = — vl “cdfzy -y(0, 0’) + Zo, 
Ka” 
Riad d 
= —{ “aft ay (35) 
dJo 0 
bd (—1)" HA, (kc) 
ie pape 


n=1 m=0,1 jacd A, (xc) 


flow t=} 0 


in the same way as in Section II. 

Eq. (36) is the same form as (6). We, therefore, can 
readily write down the approximate representation of 
(36) by using the results of Section III. As a result, we 
find 


=25 (- ees [Ho (xcbm) + f()], 37) 


m=0,1 


where f(c) is given by (25) and 


VI. ExTERNAL ADMITTANCE FOR OutT-OF-PHASE 
EXCITATION 


Substituting (37) into (35), we have 


b d d 
caf auf du! 
dJ 9 0 


Dae ae 


m=0,1 


[Ho (xcbm) + f(o)], (38) 
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and, in the same way as in Section IV, 
1g to =G’ + jBext’ 
Kb 
Gl~ [1 = Tuned) 
+ Vcd (2 je ) 
xc cos | 2xch — — 
he LE RCS) 
0.597 r34/ (kc)? 
Kb[ 2 Te 
Bas! =| = In + Na(2eed) (40) 
MeN ae y«d 


/ 2xch sin (2106 — *) 
0.597 >/ 18 ~/ (Kc)? 


for Kd<1 and cos ¢ near unity. 


VII. NuMERICAL EXAMPLES 


The characteristics of the coupled leaky waves in the 
present problem may be obtained by solving for the 
resonances of the transverse network which includes 
the external admittance derived in Section IV or VI. 
The analytical techniques employed to solve for these 
resonances have been described in the companion paper. 
For the attenuation constant of the leaky wave, the fol- 
lowing formula may be used: 


Ng G’ 
aa =~ : : ey ? (41) 
2a [G" (Ko)? + [B’ (xo) }? 

where 

oN 

Ago Seo I z 5) 
Va) 
2a 

and 


ko = — (unperturbed wave number). 


The attenuation constants, aa, calculated by (41) 
with koc=10 (c+3.19a) and Koc=20 (c6.37a) are 
plotted in Figs. 5 and 6, respectively, as a function of 
the spacing between the two slits. In order to compare 
the attenuation constant of the coupled leaky wave in 
the cylinder case with that in the related infinite plane 
case, the dimensions and the spacing of the excitation 
waveguides and the operating frequency were taken to 
be the same as those used in the companion paper. 

The phase constant of the leaky wave has not been in- 
cluded in the figure because its change vs the spacing 
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—+- L/o (f= ach) 

Fig. 5—Comparison between the attenuation constants of the in- 
phase coupled leaky wave along the slits ina cylinder with xoc = 10 
and along an infinite plane with the same spacing between slits. 
a=0.9 inch, b=0.4 inch, A/2a=0.7 inch, d=cf)=0.1 inch, Solid 
lines represents cylinder with xoc=10 (c=3.19a). Dotted line 
represents plane. 


is not usually significant. The phase constant can be 
readily calculated from the formula 


Bae Ox Maer re 
ees Fie 2 oes) (42) 
tna wh tare G? + B” 


which has already appeared in the companion paper. 
Furthermore, the graphical presentation of the char- 
acteristics of out-of-phase excitation has also been 
omitted. Since the relationships between the in-phase 
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Fig. 6—Comparison between the attenuation constants of the in- 
phase coupled leaky wave along the slits in a cylinder with 
xoc = 20 and along an infinite plane with the same spacing between 
slits. a=0.9 inch, b=0.4 inch, \/2a=0.7 inch, d=cf)=0.01 inch. 
Solid line represents cylinder with «oc =20 (c=6.37). Dotted line 
represents plane. 


and out-of-phase characteristics are approximately the 
same in the cylinder case and the plane case, the asso- 
ciated curves display a very similar behavior. 
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Mutual Coupling Effects in Large Antenna Arrays II: 
Compensation Effects* 


5S. EDELBERG{T anp A. A. OLINERT 


Summary—Mutual coupling effects in a large array cause a varia- 
tion in the input impedance as a function of scan angle. This varia- 
tion can be reduced considerably by the use of a compensating struc- 
ture which appropriately modifies the environment of the array. A 
two-dimensional dipole array is treated as a typical example, and its 
input impedance is calculated by means of a unit cell equivalent net- 
work as a function of scan angle for different environmental situa- 
tions. Reasonably constant performance up to scan angles of -+60° 
is obtained on use of a periodic baffle compensation structure. 


* Manuscript received by the PGAP, August 26, 1959. The work 
reported in this document was performed by Lincoln Lab., a center 
for research operated by M.I.T., Lexington, Mass.; this work was 
supported by the U. S. Air Force under Air Force Contract AF 
19(604)-5200. 

{ M.I.T., Lincoln Lab., Lexington, Mass. 

Pcenave Res. Inst., Polytechnic Inst. of Brooklyn, Brooklyn, 


I. INTRODUCTION 


T is pointed out in a companion paper! that the ef- 
fects of mutual coupling on the central portion of a 
large two-dimensional array may be taken into ac- 

count automatically in a direct and simple fashion by 
the use of a periodic structure approach. The point of 
view and its application to an array of slots is discussed 
there in detail. The array of slots radiates into a half- 
space region and the analysis indicates that the con- 
ductance of the array elements varies considerably with 


*S. Edelberg and A. A. Oliner, “Mutual coupling effects in large 
antenna arrays I: Slot arrays,” IRE Trans. oN ANTENNAS AND 
PROPAGATION, vol. AP-8, May, 1960. 
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scan angle. It would be desirable, however, to be able to 
minimize or eliminate this variation, and the purpose of 
the present paper is to indicate that these effects of 
mutual coupling can be compensated for to a large extent 
if the environment of the radiating elements is suitably 
chosen. 

Since the periodic structure approach is applicable 
to any type of radiating element, and since dipole ar- 
rays lend themselves much more readily than slot ar- 
rays to various environmental situations, the study in 
this paper is restricted to dipole arrays. The results, 
however, should be of interest in themselves in addi- 
tion to being illustrative of certain general considera- 
tions. 

By a Babinet duality argument, and by appropriate 
normalization considerations, the results derived in 
Edelberg and Oliner! for the array of slots can be car- 
ried over to the case of a corresponding array of dipoles 
radiating into a full space. Since the expressions for the 
slot array are quite accurate, those for the dipole case 
should likewise be reliable. The details of the duality 
discussion are presented in Section II. 

These duality considerations also result in an equiva- 
lent network representation for a unit cell of the dipole 
array. The form of this equivalent network is such that 
the effect of many types of environment can be taken 
into account by simple modifications in the termina- 
tions of the network or in the inclusion of additional 
lengths of appropriate transmission line. For example, 
most dipole arrays do not radiate into free space but are 
backed by a ground plane. To account for this change 
in environment, the modification in the equivalent net- 
work is simply that the dipole element no longer sees an 
infinite transmission line on both sides, but on one side 
sees instead a length of short-circuited line.? The 
method can evidently be readily generalized to include a 
lossy or dielectric-coated ground plane, if desired. 

Calculations for a perfectly reflecting ground plane 
indicate that the presence of the ground plane reduces 
the variation of impedance with scan angle. The dipole 
resistance, however, still drops considerably more rap- 
idly with scan angle for scanning in the £ plane (along 
the dipoles) than for scanning in the H plane (in the 
plane perpendicular to the dipoles). In an attempt to re- 
duce this variation further with scan angle, conducting 
baffles are introduced in a periodic fashion. These baffles 
do not affect the H plane scanning but can exert a con- 
siderable influence on the £ plane scan. The effect of 
these baffles can be accounted for by appropriate simple 
modifications in the unit cell equivalent network. It is 
found that the influence of these baffles is significant, 
and that the variation of dipole resistance with E plane 
scan angle can actually be inverted or can be made al- 
most zero over a large range of scan angles, depending 
on the geometry of the baffles. Section III presents the 


2 P. S. Carter, Jr., “Mutual impedance effects in large electronic 
beam scanning arrays,” in “Proc. Electronic Scanning Symp., 
A.F. Cambridge Res. Cen.; April 29-May 1, 1958. Carter employs 
a similar (though not identical) network form for this case, and 
obtains it by a different method. 
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unit cell equivalent networks and expressions for the 
dipole input impedance both for the ground plane case 
and for that which includes the baffles. Numerical data 
are also presented which indicate the effect of scan 
angle. 

The stress in this paper is placed on the unit cell net- 
work method of approach and on demonstrating that 
appropriate changes in the environment of the array 
can indeed compensate for the mutual coupling effects 
by reducing considerably the variation of impedance 
with scan angle. The optimum environmental configura- 
tion was not determined, however. 


II. EQUIVALENCE BETWEEN SLOT | 
AND DIPOLE ARRAYS 


The equivalent network for a unit cell of an array of 
planar dipoles is deduced below by Babinet duality con- 
siderations from the corresponding result for an array of 
slots in a ground plane. 

A unit cell of the slot array when viewed in connec- 
tion with the periodic guide in space is shown in Fig. 1, 
in which the shaded area represents magnetic walls 
while the unshaded area represents metallic or electric 
walls. The representation of the half space in terms of 
periodic unit cells has been discussed in detail in Edel- 
berg and Oliner.! It is further recognized from the dis- 
cussion there that the unit cell of Fig. 1 corresponds to 


Fig. 1—Unit cell of slot or dipole array. If slot unit cell, shading 
represents magnetic walls. If dipole unit cell, shading represents 
electric walls. 


the case of broadside radiation (or normally incident 
radiation). If the Babinet equivalent of the structure of 
Fig. 1 is taken, all magnetic and electric walls are inter- 
changed so that the shaded areas now represent electric 
walls. The electric and magnetic fields are also appro- 
priately interchanged in accordance with the inter- 
change of the character of the walls, and the dual unit 
cell is seen to be characteristic of a planar dipole array. 
Furthermore, the almost sinusoidal slot magnetic cur- 
rent now becomes the almost sinusoidal dipole electric 
current. The electric walls occurring in the bottom walls 
of these dual unit cells are in both cases caused by ac- 
tual metal structures, 7.e., the metal into which the slot 
is cut and the metal dipole, respectively. The magnetic 
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wall portions of these bottom walls, however, are caused 
by symmetry only; in the dipole case they clearly imply 
that the dipole array radiates into a full space. In the 
slot array case, however, radiation occurs only into a 
half space and the region below the slot is actually that 
of the rectangular feed guide. However, since the slot 
field in this situation differs only very slightly from that 
which would occur if the slot radiated into a full space, 
this approximation is a very good one. 

The equivalent networks corresponding to these two 
(bisected) dual unit cells are shown in Fig. 2. The slot is 
characterized in susceptance terms because the suscept- 
ance is directly proportional to the slot stored power. 
Since only one-half of the stored power resides in the bi- 
sected unit cell, the susceptance element, which is in 
shunt with the periodic, or unit cell, waveguide, is given 
as B/2. The dipole is also in shunt with the unit cell 
waveguide, so that its reactance element in the bisected 
network is 2X. Application of the Babinet equivalence 
procedure thus produces 


xX ey I63 
Le dipole 4 Yi, slot 


where the quantities are normalized to the periodic 
waveguide. 

The susceptance value for the slot obtained in Edel- 
berg and Oliner! was normalized to the rectangular 
feed guide. The necessary renormalization to the pe- 
riodic guide is made in the Appendix, where the value 
normalized to the periodic guide is expressed in terms 
of the slot and array dimensions. The X/Z, result, 
which corresponds to a dipole which sees the periodic 
waveguide on both sides, may thus be assumed to be 
known to a high degree of accuracy. 

A consideration of the feed arrangement is necessary 
in order to obtain a complete network for a unit cell in 
the dipole array. As shown in Edelberg and Oliner,! the 
slot susceptance element is in parallel with both the 
periodic waveguide and the feed waveguide. The dipole 
reactance element, however, while being in parallel 
with the periodic waveguide, is in sertes with the feed 
line. These two arrangements are illustrated in Fig. 3; 
the dipole is generally split to permit a series type of 
feed at its midpoint, but for convenience both halves of 
the reactance element are lumped together in Fig. 3(b). 
The necessity for the distinction between the slot and 
dipole feed arrangements may be made clear by placing 
a load across the feed terminals and considering an in- 
coming plane wave. When the slot size is shrunk to 
zero, Bo, and all of the incident power is reflected; 
1.e., none reaches the load. When the dipole size is 
shrunk to zero, X— ©, and all of the incident power con- 
tinues past the dipole, with none of it reaching the load. 
As another special case, when the slot is resonant, B =0, 
and substantial power goes to the load, the amount de- 
pending on the load mismatch. When the dipole is 
resonant, X=0, and, again, the input load absorbs 


July 


+ You cata © “t Zee) 
(a) (b) 
Fig. 2—Equivalent networks for the bisected unit cell of Fig. 1. 
(a) Slot unit cell. (b) Dipole unit cell. 
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Fig. 3—Complete unit cell equivalent networks. (a) Slot array 
in half space. (b) Dipole array in full space. 


much power. These results are in accord with the net- 
works of Fig. 3. 
The input impedance at the input load terminals of 
Fig. 3(b) is given by 
Lan f xX 


=r j—) 2 
Z, 2 1IZ, (2) 


when the dipole radiates into a full space. But this input 
impedance is normalized to the periodic waveguide, not 
the feed line. We also recognize that the evaluation of 
X/Z, by the Babinet equivalence procedure was ef- 
fected for broadside conditions only. It was shown in 
Section VI of Edelberg and Oliner! that the stored power 
in the neighborhood of the slot does not change signifi- 
cantly during the scan process. Consequently, it is safe 
to assume that the equivalence between the slot sus- 
ceptance B and the dipole reactance X, as given by (1), 
is also valid while the arrays are scanned. The effects 
caused by scanning are accounted for by the remainder 
of the networks of Fig. 3. In the phrasing of (2), the 
normalized reactance X/Z, varies with scan angle. It 
can be expressed as 


X (stored power near dipole) 


—s = é 3 
2. Zl Tok? . 


T= f f J-ep*dS, (4) 
dipole ; 


where J is the current density along the dipole and ep” 
is the complex conjugate of e,, the mode function of the 
dominant mode in the periodic waveguide. This mode 
function changes for different directions of scan, and is 
fully discussed in Edelberg and Oliner.1 As shown 
there, the factor | Esl > does not vary strongly with scan 
angle, although a small variation is introduced when the 
scanning is performed along the dipoles. The primary 
variation of X/Z, with scan angle is caused by the na- 


the current J, is 
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ture of the periodic waveguide characteristic impedance 
Z,. Although expressions for Z, are presented in Edel- 
berg and Oliner! for all scanning conditions, we will re- 
peat here the results for two special cases of interest. 
When scanning is performed along the dipoles, 


Zp = \/~ cos 6, (5) 
€ 


while for scanning in the plane across the dipoles, 


| Seer at 
z= 4/* Z (6) 
e cosé 


We see, therefore, that even if the stored power remains 
constant with scan and the small variation in |J,|? is 
neglected, X/Z, will still vary considerably with scan 
angle 6, and the variation will be different with different 
directions of scan. 

It is more useful, however, to normalize the input 
impedance Zin to the characteristic impedance Zo of 
the feed line, rather than in the form of (2). 

In order to obtain the input impedance as seen from 
the feed line, the value Zin/Z, must be transformed 
through the junction network which exists between the 
dipole itself and the feed line. But this junction network 
is intimately associated with the dipole reactance. The 
normalized dipole reactance as seen from the feed line 
may be expressed as 


Xin (stored power near dipole) 7) 
Zo Zo| Io|? 


re f if Tessas (8) 
dipole 


where ey is the mode function of the dominant mode in 
the feed line, and does not vary with scan angle. On 
comparing (7) with (3), one can write 


2 

AST AtAg a 
Tew AD An Ty |? 

if the stored powers in (3) and (7) are assumed to be the 
same. These stored powers are not identical, actually, 
since that in (7) includes a contribution caused by the 
presence of the feed line, and this contribution, while 
small, is not considered in the Babinet equivalence 
treatment above. Eq. (9), nevertheless, can be em- 
ployed with reasonable accuracy to determine the nor- 
malized reactance as would be measured in the feed line. 
As pointed out in Edelberg and Oliner,! the definitions of 
€ and Zp are related, and their precise forms depend on 
the feed line involved. The ratio of currents in (9) is 
akin to a transformer turns ratio which incorporates 
the various geometrical factors that may not have been 
included in the definition of the characteristic imped- 
ances. To illustrate this point, let us write 


“ 
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| Zo? 
| Tol? 


(10) 


=> n’, 


for convenience. 

The input resistance, normalized to the feed line, may 
be expressed in a form identical to (7) when “stored 
power” is replaced by “radiated power.” Comparison 
with an expression analogous to (3) for R/Z, permits 
one to write, using (10), 


(11) 


since one sees from (2) that R/Z,=1/2 for the case of 
radiation into a full space. 

One sees from (9), (10) and (11) that the junction 
network between the dipole and the feed line may be ap- 
proximated simply by inserting an additional trans- 
former into the network of Fig. 3(b); the reactive con-. 


tent of this junction is small compared to that associ- 


ated with the dipole itself, so that X is assumed un- 
changed in value. The new and final unit cell equivalent 
network for the dipole array is shown in Fig. 4. In view 
of the network of Fig. 4, (2) is replaced by 


FEED LINE 
TERMINALS 


Fig. 4—Complete unit cell equivalent network for dipole array 
in full space, as seen from the feed line. 


(12) 


where Zin/Zo represents the quantity which would re- 
sult from an actual measurement of the input imped- 
ance performed in the feed line. The reactive portion 
n2(X/Z») is now essentially independent of scan angle 
[as seen from (7) |, but the resistive part varies with 
scan. As mentioned above, the turns ratio 1 does vary 
slightly with scan, particularly if scanning is performed 
along the dipoles, but since we are concerned now with 
first-order variations we shall assume » to consist of 
geometrical factors only and to remain constant with 
scan angle. 

The duality considerations discussed above yield rela- 
tions for an array of flat dipoles, with the dipole dimen- 
sions being identical to those of the slots. If application 
is made to an array of round dipoles, the customary 
geometrical correspondence is to choose round dipoles of 
the same length as the slot, but with a dipole radius 
equal to one-fourth of the slot width. This geometrical 
correlation is valid on a static basis when the dipole 
length is much greater than its radius. The geometrical 
optics correlation sets the dipole radius equal to one- 


—— ee 
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half of the slot width. The correct value no doubt lies 
somewhere in between, most likely closer to the static 
value. 


Ill. THe INFLUENCE OF DIFFERENT ENVIRONMENTS 


The periodic structure, or unit cell, treatment of the 
central portion of a large array permits the influence of 
different environments on array performance to be de- 
termined in a direct and rapid manner. In terms of the 
unit cell equivalent network, a different environment 
is accounted for by changing the terminations on the 
transmission lines connected to the central reactive ele- 
ment. If the perturbating elements are located very 
close to the dipole itself, so that higher mode interaction 
is present, we must consider that a change has occurred 
in the radiating element itself rather than in the en- 
vironment. Under these conditions, the change may 
manifest itself simply in an altered value for the central 
reactive element, or the effect may be severe enough to 
change the form of equivalent network. In the discus- 
sion below it is assumed that the changes do not alter 
the radiating element itself. 


A. Dipole Array Over a Ground Plane 


Most planar dipole arrays are placed over a ground 
plane. A side view of the geometry of such an array is 
shown in Fig. 5(a) while the equivalent network cor- 
responding to a unit cell of this array is shown in Fig. 
5(b). It is seen that the network of Fig. 5(b) is obtained 
from that of Fig. 4 by simply terminating one of the 
transmission lines bya short circuit, assuming the ground 
plane to be perfectly conducting. The input impedance 
to the feed line is then seen to follow directly from the 
equivalent network as 


Zp. 
= n?— sin? (kh cos 6) 
0 


+3] n es a eae sin (2kh cos |, (13) 
Zig Oe eZ) 


since k»=k cos 8. Both the normalized resistance and 
reactance vary now with scan angle @. 

It is common practice to set the height h of the array 
above the ground plane equal to a quarter wavelength; 
Te 


h = \/4 = w/2k; 
under these conditions the array is effectively backed 


by an open circuit at broadside (or normal incidence), 
and (13) becomes 


Zin Lies 1 
= mn? — sin? | — cos ) 
Zo Zo y 


; xX 1 Line 
+4 ras rs n? wae (@ cos | (14) 
0 


<< h—e 


tie me (b) 


Fig. 5—Dipole array over ground plane. (a) Side view of 
geometry. (b) Equivalent network. 


At broadside (@=0), (14) reduces to the input imped- 
ance that would be found for a dipole array radiating 
into a half space. At other angles of scan, the value of 
Zin/Zo will depend on the direction of scan because of 
the characteristics of Zp. If we assume that the dom- 
inant mode in the feed line is a TEM mode and that the 
normalization chosen is such that Zp) is equal to the 
wave impedance and all the geometrical factors are in- 
corporated into 2?, which is also assumed independent 
of scan angle, we may then write, using (5), 


Lis 


Tv 
= n? cos @ sin? (* cos ) 


0 


XG 1 
+5] = a + at n? cos 6 sin (a cos |, (15) 


0 


when scanning is performed along the dipoles, and, using 


(6), 
Tv 
sin? (G cos ) 
Lin 2 
= y? 
Zo cos 0 
; X 1 __ sin (1 cos @) 
+ 4| n2?*—+—n? ; (16) 
Zo 2 cos 0 


when the array is scanned in the plane across the di- 
poles. These scans may be called, respectively, E plane 
and H plane scans. 

If the resistive portions of (15) and (16) are com- 
pared to the corresponding quantities for the dipole 
array in the absence of the ground plane, using (12), 
it is found that the variation with scan angle is reduced 
by the presence of the ground plane for H plane scan- 
ning but is increased in the case of E plane scanning. 
These observations are presented quantitatively in 
Fig. 6, in which data are given for both E and H plane 
scans, with and without ground plane, as a function of 
scan angle. The ordinate scale is normalized in such a 
manner that all curves begin at unity at broadside 
(9=0); this is done in order to stress the variation with 
scan angle. It must be recalled that the actual value of 
input resistance at 6=0 for the ground plane case is 
exactly twice that for radiation into a full space. 

The curves of Fig. 6 indicate that while the presence 
of the ground plane exerts a significant effect on the 
variation with scan angle, a large discrepancy is still 
present between the & and H plane scan cases. It is 
suggestive, however, of the thought that a further ap- 
propriate modification of the environment of the array 
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Fig. 6—Normalized input resistance of array of dipoles with 
and without ground plane. 
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may possibly reduce the variation with scan angle and 
make the £ and H plane scan curves more nearly alike. 
One method for accomplishing this is described in the 
next section. 

Before exploring this compensation method, the vari- 
ation of the input reactance with scan angle should be 
examined. We see from (15) and (16) that an addi- 
tional contribution to the reactance is present and that 
this additional term varies because of the change occur- 
ring in the electrical height of the array over the ground 
plane during the scan process. This variation is also 
quite different for E and H plane scans. While the varia- 
tion is greater for the H plane scan case, the values for 
both cases are not excessive. A further discussion of 
these reactance variations is included in the next sec- 
tion, and a method is indicated for reducing their over- 
all effect. 


B. Use of Baffles as a Compensation Structure 


As has been pointed out above, the effect of mutual 
coupling in producing a variation in the input imped- 
ance value during scan can be compensated for by 
suitable alterations in the environment of the array. 
The presence of a ground plane under a dipole array has 
been shown to improve the H plane scan performance 
considerably, but to deteriorate that for E plane scan. 
A substantial improvement in performance would be 
obtained, therefore, if a compensation scheme were 
used which would not affect the H plane scan behavior 
but would reduce the E plane scan variation. An en- 
vironmental structure conforming to these require- 
ments is a periodic array of conducting baffles interlac- 
ing the dipoles, as shown in Fig. 7(a). Since the planes 
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Ci) | Cit) | Car) | Car 


=: 


(a) (b) 


Fig. 7—Dipole array with baffles and ground plane. (a) Side 
view of geometry. (b) Equivalent network. 


midway between the ends of the dipoles remain electric 
walls during H plane scan, the array of baffles will not 
affect the H plane scan behavior if the baffles are thin. 
The influence of the baffles on £ plane scan will depend 
on the size of the baffles and remains to be determined. 

The spacing between successive baffle planes is, of 
course, the same as that between dipole centers, so that 
as long as the array does not produce any higher order 
radiated beams, only the TEM mode will propagate in 
the parallel plate waveguides formed by successive 
pairs of baffles and the higher order modes will be below 
cutoff. The equivalent network of a unit cell of this ar- 
ray, taking the presence of the baffles into account, is 
shown in Fig. 7(b). The electrical height d of the baffle 
edges above the dipoles is somewhat different from the 
physical height d’ because of the fringing field produced 
at these edges. To a good approximation, the difference 
between these heights is given by? 


B 
d’-—d=—In2, 


Tv 


(17) 


where B is the spacing between successive baffles. For 
spacings near to a half wavelength, the physical length 
is seen to be almost a tenth of a wavelength longer than 
the electrical length. If d’ is small, some higher mode 
interaction may occur between the dipole and the baffle 
edges; this interaction will modify the actual electrical 
length d and may slightly change the dipole reactance 
value X. In the discussion below, such interaction ef- 
fects will be ignored because they will not alter the 
basic conclusions although they may influence the nu- 
merical results slightly. 

If the height /# of the array above the ground plane 
is made equal to a quarter wavelength, in conformity 
with the previous section, the expression for the input 
impedance simplifies considerably since the ground 
plane then backs the array by an open circuit for all scan 
angles. If the dominant mode in the feed guide is a TEM 
mode and the normalization is such that Z» is equal to 
the wave impedance and 7? is a constant, as was the 
case in the previous section, then Z for the baffle region 
is also equal to the wave impedance. Under these condi- 
tions, the input impedance for E plane scan is derived 
directly from the equivalent network of Fig. 7(b) to be 


3N. Marcuvitz, “Waveguide Handbook,” M.1.T. Rad. Lab. 
Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 10, sec. 
5.22, eq. (3b); 1951. 
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= 7? 
Zo cos? kd + sin? kd cos? 6 
at | : am Lig sin? 6 sin 2kd | (18) 
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The value of the electrical height kd of the baffle edges 
above the dipole array may be chosen as an adjustable 
parameter in order to reduce the variation of the input 
resistance with £ plane scan, with the result that the £ 
and H plane scan curves become more nearly alike. 
Rather good compensation is obtained when kd is 
chosen such that cos kd =1/+/3; i.e., Rd ~55°. Eq. (18) 
reduces, for this value of kd, to 

Lin , 3 cos 0 


i ee ee 
Zo 1+ 2 cos? 


ts i ; »€ rey 4/2 sin? 6 | (19) 
nN FT a SS pie . 
bp és 1 + 2/2 cos? 6 


The input resistance values, normalized to unity at 
6=0, are plotted in Fig. 8 as a function of scan angle 6. 
It is seen that for scan angles up to 60° the resistance 
value does not vary by more than +3 per cent. Also 
shown for comparison in Fig. 8 are the E plane scan re- 
sponse before the insertion of the baffles, and the H 
plane scan behavior, which is unaffected by the presence 
of the baffles. As seen, there is a very significant im- 
provement in the plane scan performance, and the re- 
sulting E and H plane scan curves are quite similar. It 
might also be noted that the length d occurring in the 
network of Fig. 7(b) is almost a sixth of a wavelength, 
so that the physical height d’ of the baffle edges above 
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Fig. 8—Effect of compensating baffles on normalized input 
resistance of dipole array over a ground plane. 
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the dipoles is approximately a quarter of a wavelength, 
and any higher mode interaction should be negligible. 

Since the constancy of performance of an array de- 
pends also on the input reactance values, the reactance 
variation must also be kept small. The reactance expres- 
sions for H and E plane scans when the baffles are pres- 
ent are given as part of (16) and (19), respectively. Let 
us temporarily ignore the X/Z,) term in each expression; 
the remainder of the reactance expressions (with n?=1 
in order to normalize them in the same manner as the 
resistance curves of Fig. 8) are plotted in Fig. 9. It is 
seen that both curves are similar in shape, and that the 
values become fairly large for scan angles in excess of 
45°. Since the resistance curves of Fig. 8 are rather flat 
up to 6=60°, but deteriorate beyond that value, it is de- 
sirable to keep the reactance values low up to 60° also. 
This can be accomplished by suitably choosing the value 
of X/Z . If X/Zo is made equal to —0.30, as indicated in 
Fig. 9 by the horizontal dashed line, the maximum re- 
actance value for the FE plane scan case is roughly 
halved, and that for H plane scan is considerably re- 
duced. A larger value for X/Z» is undesirable since the 
reactance at broadside would then be too large. With 
the choice indicated above, the effect of the reactance 
variation will be small except possibly near 60° for the 
HT plane scan case. It should be recognized that the 
value of X/Zo can be adjusted by properly choosing the 
length and width (or radius) of the dipole. 

As a measure of the performance of the array, the 


input VSWR in the feed guide was computed as a func- 


tion of scan angle. The VSWR values involve both the 
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Fig. 9—Variation of normalized input reactance with scan 
angle in the presence of baffles. 
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Fig. 10—Effect of compensating baffles on input VSWR. 


input resistance and reactance, and were determined for 
the case n?=1, which imposes a condition on the feed 
guide. These VSWR values are compared in Fig. 10 for 
the cases of H plane scan, E plane scan without baffles, 
and £ plane scan with the baffles present. For all three 
cases, the value of X/Z») was made equal to —0.30. It 
is seen that for scan angles below +60°, the VSWR for 
both H and E plane scan in the presence of baffles is 
quite good, being below 1.4 and 2.0 in this whole range 
for the E and H plane cases, respectively. The VSWR 
is below 1.4 for the H plane case for scan angles up to 
+45°. For E plane scan when the baffles are absent, the 
VSWR is much higher, rising to 4.0 for 6=60°. The 
deterioration in performance for scan angles greater 
than 60° is caused almost entirely by the drop in the re- 
sistance value in that range. 

It is clear from the curves of Fig. 10 that the inser- 
tion of the baffles has considerably improved the per- 
formance of the array for scanning in the £ plane. (As 
pointed out earlier, the H plane scan behavior is unaf- 
fected by the baffles.) The baffles were optimized in 
only one parameter, the height of their edge above the 
dipole array. Possibly a variation in the height of the 
dipoles above the ground plane, or the thickness of the 
baffles (so that the H plane scan behavior would also 
be affected), may result in further improvements. Also, 
the baffles constitute but one of many possible compen- 
sation structures. The objective in this study was not 
to determine an optimum compensating structure fora 
specific situation but rather to demonstrate that these 
effects of mutual coupling can be compensated for in 
this manner. 


APPENDIX 


The susceptance value B/Y, appearing in (1) is nor- 
malized to the periodic unit cell waveguide, while the 
value B;,/ Vp. for which a theoretical expression is avail- 
able from Edelberg and Oliner! is normalized to a rec- 
tangular waveguide of the same dimensions A and B as 
the periodic unit cell but with all metal walls. These 
susceptances are related by 


POE eve hate 


= ; 20 
Ieee! pu eal 


on the assumption, which is a very good one, that the 
replacement of metal side walls by magnetic side walls 
will not disturb the slot stored power. The voltage 
terms V,, and V, occurring in (20) are defined in (10) 
and (17) of Edelberg and Oliner,! and evaluated there 
in (19) and (20). The characteristic admittances are 
given by 


Vine Kpe 


ry, (21) 


an V1 = (A/2A)?, 


consistent with the normalizations implicit in the ex- 
pressions for the voltage terms. Upon use of (21) and 
the expressions for the voltage terms, (20) becomes 


B Bi cos oe] : (22) 


come 1 — (a'/A)? 


AGS onze 


where a’, a and A are, respectively, the widths of the 
slot, the rectangular feed waveguide, and the periodic 
unit cell waveguide, and where B;,/ Vp. is given by (69) 
of Edelberg and Oliner.' 
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Paraboloidal Reflector Patterns for Off-Axis Feed* 
S. S. SANDLERt 


Summary—The problem of predicting the radiation pattern for an 
asymmetrically illuminated paraboloid is covered in some detail. The 
current distribution method is given in a final form suitable for ma- 
chine computation. An approximate analytical solution using scalar 
diffraction methods is compared with the experimental results and 
the machine solution. 


Il. INTRODUCTION 


HE RADIATION problem of determining the 

“| ee due to a parabolic reflector illuminated 

by a source placed at the focal point has been cov- 

ered in some detail.! However, the related problem of 

an off-axis source illuminating a parabolic reflector has 
received little theoretical attention.” 

The results given by Hildebrand? and Mauchley,? et 

al., for an offset dipole feed are presented in integral 


form. The analysis was based on a current distribution > 


method, neglecting higher-order perturbations in the 
radial variable. Kelleher and Coleman* attacked the 
problem in 1952. The separability of the two-dimen- 
sional aperture distribution was assumed. The problem 
was reduced to one space dimension and applied to a 
Gaussian-type aperture distribution. The effect of a 
finite aperture was neglected. The one-dimensional 
integral was placed in a form suitable for Airy function 
representation. 

The current distribution method given in this paper 
takes account of all phase errors caused by an off-axis 
dipole or tapered amplitude source. The machine inte- 
gration was performed on the surface of the paraboloid 
without recourse to an aperture plane distribution. The 
analytical method presented here accounts for the finite 
two-dimensional aperture distribution. The solution is 
given in terms of familiar Bessel functions. An analytical 
solution is also given for the more complicated case of a 
primary source of finite size. The methods presented in 
this paper are: 


1) Current distribution method: The formal solution 
is given in a form suitable for machine computa- 
tion. 


* Manuscript received by the PGAP, December 1, 1959; revised 
manuscript received January 25, 1960. The work reported in this 
paper was performed by Lincoln Laboratory, a center for research 
operated by the Massachusetts Institute of Technology with the 
joint support of the U.S. Army, Navy, and Air Force. 

} Electronic Communications, Inc., Timonium, Md. Formerly at 
M.I.T. Lincoln Lab., Lexington, Mass. 

1R. L. Pease, “Paraboloidal Reflector Patterns,” M.1I.T. Lin- 
coln Lab., Lexington, Mass., Tech. Rept. No. 184; August 5, 1958. 

2 F. B. Hildebrand, “The Alternation in the Radiated Field of a 
Paraboloid Due to a Shift in the Position of the Dipole Feed,” Mass. 
a eee Cambridge, Mass., Rad. Lab. Rept. No. 1078; February 

0, 1946. 

3 J. W. Mauchly and R. M. Shower, “Report on the Mathe- 
matical Computation of Current Flow Lines in, and Field Patterns of, 
Paraboloid Reflectors,” Dept. of Elec. Engrg., University of Penn- 
sylvania, Philadelphia, Rept. PZ-1; July, 1942. 

4K. S. Kelleher, and H. P. Coleman, “Off-Axis Characteristics 
of the Paraboloidal Reflector,” Naval Res. Lab., Washington, D. C., 
NRL Rept. No. 4088; December 31, 1952. 


2) Scalar diffraction theory: a) Analytical field pat- 
terns are derived as a series of related Bessel func- 
tions. Two cases are considered—(1) dipole and 
(2) plane aperture primary illumination. b) The 
method of stationary phase is applied to case (2) 
above. 


The results of 1) and 2) are compared with the experi- 
mental results. 


II. CurRRENT DISTRIBUTION METHOD?® 


The secondary pattern for the antenna reflector sys- 
tem of Fig. 1 may be obtained formally by the current 
distribution method. The field in the far zone is given 
by® 


I 


Eoe(O, &) 
E@ (0, ®) 


Bie-I (1) 
Bia-I, (1a) 
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B= Litt xP [—jkR] ( ar ais (2) 


on R Py waco 
[G@’, ¢’) | 
= f ; [a x @ x @’)] 
8 p 
-exp [—jk(o’ — p’-tr)|dS (3) 


ig = sin © cos Gi + sin O sin 7 + cos Ox 
te = cos © cos Gt + cos O sin $7 — sin OF 
ie = cos Oj — sin O&. 


I 


l| 


Paes i 


5 The development in this section follows closely the work of 
R. L. Pease, op. cit. 
_°S. Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New York, N. Y., sec. 6.8; 1949. 
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Note that primed vectors are referred to the origin at 
the offset feed point 0’ and unprimed vectors to the 


_ focus of the paraboloid at point 0. Unit vectors are de- 


- noted by circumflexes and unnormalized vectors are de- 


noted by arrows. 
The unit vectors zr, tg and 7» refer to the far-field 


_ point. The reflector surface is given as a function of 


the variables p and 0, where, for a paraboloid of focal 


length f, 


pee wr 


ee ee ee a 
ie eee 


2f 
pt ESS 5 
? 1 — cos@ ) 
The following assumptions are made in the evaluation 
of (3): 


1) The reflector surface is in the far field of the pri- 
mary source. 

2) The surface currents are continuous at the re- 
flector edge (i.e., current flows to the shadow side 
of the reflector). 

3) All edge effects are neglected. 

4) Only the initial radiation from current element on 
the reflector is considered. Interaction of surface 
elements is neglected. 

5) Back radiation from the primary source is neg- 
lected. ; 


The determination of the field at the reflector is ac- 
complished in two steps: 1) The direction cosines for 
the radial vector p’ (Fig. 1) are determined as a func- 
tion as the paraboloid coordinates 6 and ¢; 2) the offset 
(i.e., “primed”) coordinates determined in 1) represent 
a mutually orthogonal set intersecting at 0’. The far 
field at the reflector surface may be represented by a 
suitable vector combination of the offset direction co- 
sines and the paraboloidal coordinates. 

Application of simple trigonometry yields the rather 
awkward expressions 
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tion 1) above implies that the primary wave polariza- 
tion é’ is at right angles to #’. The primary wave polar- 
ization vector is further assumed to be coplanar with 
the source polarization that is in the 7 direction. The 
vectors @’, ¢ and f’ are then coplanar and (¢X/’) is at 
right angles to this plane. Hence, @’ is at right angles to 
both f’ and (4X #’), or 


ere OCe) 
Grae i ; (10) 
lax ax p)| 


= . 11 
(1 — sin? 6’ cos? ¢’)}/? uD) 


The outward normal 7 to the surface S at P(p, 6, ¢) 
and the elemental area dS may be evaluated by the 
standard methods with the result 


6 6 6% 
h = — cos—cos¢i — cos —singj + sin—k (12) 
2 2 a 
: 0 
dS = p* sin @ csc 3 dodo (13) 


With the aid of (1) to (13), the far-field components 
in the H-plane (i.e., B=7/2) are given by 


7 
Eo (0, =) 
2 
w/2 T 1. T . 
= 4B ip Ke (0,6:0,) F(0,6:0,7) dédb (14) 
—r/2Y Om 2 2 
7 
Es (0, =) 
r/2 T 1, 3 
= 46 [ [x.(0.9:0,2) #(0,010,2) ame, 5) 
—r/2/ 8 2 2, 


m 


2 uly J 
p = —_|s - () sin 6 sin ¢(1 — cos @) + a (1 — cos 0] : (6) 
[(m/f)2(1 — cos 0)? — (m/f) sin 6 sin ¢(1 — cos @) + 4 sin29]1/2 
G= are tan (7) 
2 cos 6 
(m/f)(1 — cos 0) — 2 sin @sin ¢ 
g¢’ = — arc tan j (8) 


where m is the primary feed offset and p’, 0’, ¢’ are 
shown in Fig. 1. The unit vector p’ may now be given 
in terms of its direction cosines, or 


(9) 


é’ = sin 6’ cos ¢/4 + sin @ sin ¢'j + cos Wk. 


An elegant method for obtaining the far field of the 


primary source has been suggested by Pease.’ Assump- 


7R. L. Pease, op. cit., p. 3. 
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2 sin 0 cos d 
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[G]!/? sin 6 csc 0/2 
a) ale-="cos 0): 


p'(1 — sin? 6’ cos? ¢ 
-exp { —jkp’[1 — cos 6’ cos ® 
— sin 6’ sin © cos (¢’ — /2)]}. 


Eqs. (14) and (15) have been programmed on an 
IBM 709 computer and will serve as a basis for compar- 
ing the less accurate results presented in secs. II and 
III. Note that (14) and (15) may be solved for any feed 
polarized in the +x-direction by specifying the variation 
of G(0’, ¢’). 


III. ScALAR DIFFRACTION THEORY 
(DIPOLE ILLUMINATION) 


The integral formula derived originally by Kirchoff 
in physical optics will be applied to obtain an approxi- 
mate solution. For each far-field component e(P), it is 
possible to show that® (Fig. 2) 


co af f fier) 


fe) ik QP 
epee ee D aes (16) 
ov QP 


where eé, is the aperture field distribution and vy is the 


- outward normal on A. 


APERTURE PLANE 


PARABOLOID 


Fig. 2—Geometry for plane aperture formulation. 


The above solution represents the scattered field at 
point P in terms of the distribution e4 and its normal 
derivative on A. Eq. (16) is strictly true only for regions 
near broadside. Since, in our calculations, the primary 
feed offset will be, at most, a beamwidth, (16) is applica- 
ble in the region of interest, 7.¢e., near the beam maxi- 
mum. The region of validity also includes the first five 
or ten side lobes near broadside for beamwidths on the 
order of a degree. 


*H. Bremmer, “Handbuch der Physik,” J. A. S 
Germany, vol. 16; 1958. y J. pringer, Berlin, 
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The geometrical optics approximation for the field at 
A yields 
e(A) = ea exp [jhS(A)], (17) 4 


where S(A) = 0 defines a constant phase surface at A 
and eg is the field amplitude at A. 

Upon substitution of (17) in (16), neglecting terms of 
the order of 1/RR, it follows that 


jk , f foe 
e —iRR é 
poe ls is A 


-exp [jk(S + #-tr) doa, (18) 


where ¢ is the radial vector in the aperture plane and R 
is the distance from the coordinate center to the far field 
point. The phase of the field at point Q is proportional 
to the total length of a ray which begins at y= +m and 
ends at point Q. The phase function S(A) may be de- 
termined geometrically since 


e(P) = 


S = pathlength = p’ — §-p’ (19) 
S = (a-$')"p'; (20) 
where $ is the unit vector defining the path of the re- 


flected ray. 

The magnitude of the reflected field at point Q on*A 
is obtained by applying the boundary conditions at Qo 
(Fig. 2). Whence, for the normal and tangential com- 
ponents of e’, the primary field, it follows that at point 


Qo, 


n-é' = n-é, (21) 
aAX@=-’f#Xé4, (22) 
or 
é, = & — 2(n-é)h, (23) 
where 


é, = reflected field, 
= (6 A)t+ (fj + Ab. 
Although vector notation is used [e.g., (23) ] it must 


be remembered that (18) is true for each field com- 
ponent. Substituting (11) in (23) gives, at s=0, 


® 
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6 
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The first factor on the right of (25) may be expanded 
by the binomial theorem. Since sin? (6/2) is near unity 
for values of 6 near 7, 


G29 1: 
é4 = t+ E 2¢o (cos i + a sin? ) 


1 
ai: sin 4¢ sin? 6). (26) 
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It is assumed that the amplitude of the aperture dis- 
tribution is identical to the unperturbed field. Actual 
calculations show that the error introduced is of the 
S order (m/f)?. 

Eq. (18), for both the x- and y-components of the far 
field may now be evaluated by the use of (20) and (26), 
- whence, for dipole illumination, 


a/2f Qr 
E.(0, ©) = Bf f exp { \ udud (27) 
0 0 


| x @ a/2f Pag ur ur 
4 ,&) = B’ in 2 
a” ie if i ol; aie ee 
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pp eR, 
4 2 m U bs 
exp:| \ — €xp {ianj| 1 = a Cane: sin @ 


+ usin ® cos (¢ — ») | : 
a = aperture radius, 
(s) 
COU =I} 
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The integration with respect to ¢ in (27) and (28) 
may be carried out directly, since 
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ub 


2r 
[exp ligsin@- Slip = 27H) 9) 
0 
and 
at2r ; 
[0 exp Lil — sin 9) = Ieulg)- GO 
Eqs. (27) and (28) are reduced to 
a/2f 
EE, = eB! [ Jo(g)udu (31) 
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a/2f u? . u? |) | : 
ce é in 26 | ————_- + o(g)udu 
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Confining interest in the H-plane, then 
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b=—- 
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The cross polarization is of second order in (m/f) and 
is neglected in this approximate analysis. 

The integrand in (31) is an odd function such that all 
odd powers of u contribute to the far field. For analyti- 
cal evaluation of (31) the w variation of the kernel will 
be replaced by a suitable approximation. Since the para- 
boloid subtends an angle somewhat less than 180 de- 
grees at the focal point, then it follows from the ‘bi- 
nomial expansion 

u 
——— = u(1 — 2u?’). 
(1 + w?)? 


Eq. (31) is reduced to 


: 7 
ae (6, =) 
eZ 


a/2f 
Jo|2kfu sin © + 2kmu(1 — 2u?)|-udu. (34) 


(33) 


= Jab, 
0 
The kernel of (34) is placed in the above form to facili- 
tate its expansion in terms of J,(2kfu sin @) since® 


To[2kfu sin © + 2kmu(1 — 2u?)| 
2kmu(l — 2u?) |” 


ee 
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J (2kfu sin @. 
2f ae | ee 


The expansion was carried out until the last term re- 
tained was two orders of magnitude less than the leading 
term (i.e., terms in y=0, 1 and the leading term for 
y=2). After integration by parts,’° noting 


fetes y(2)dz = 2 S,11(2), (36) 
0 
then with (34) and (35) it follows that 
Be (0, =) ~ A,(8) — fer + az sin O]A2(8) 
— [m+ ysin 0]A3(8), (37) 
where?! 
s kasin © 
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9E. Jahnke and F. Emde, “Tables of Functions with Formula 
and Pas Dover Publications, Inc., New York, N. Y., p. 144; 
1945. ‘ : ‘ 
10 N. W. McLachlan, “Bessel Functions for Engineers,” Oxford 
University Press, New York, N. Y.; 1934. 

u Jahnke and Emde, op. cit., Ppp. 180-189. 
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It may be noted that for m=0, the field pattern re- 
duces to the well-known formula 


E, = Ai(ka sin @). (38) 
The far-field pattern for the offset feed case becomes 


asymmetric around ®=0. This result is easily seen by 
noting that the terms 


—ay sin OA2(ka sin O) 


and 


—vy2 sin OA;(ka sin O) (38a) 


are odd about 0=0. Shifting the feed from y=0 to 
y=-+m is mathematically represented by subtracting 
the odd terms given by (38a) from the symmetrical pat- 
tern given by (38). The result is a main beam shift 
toward the negative y-axis in the H-plane. As a further 
consequence of the odd-order phase effects given in (37), 
the side-lobe structure becomes asymmetrical. These 
results are shown graphically in Sec. VI. 


IV. ScALAR DIFFRACTION THEORY (PLANE 
APERTURE ILLUMINATION) 


Eq. (27) for dipole primary illumination may be modi- 
fied for other amplitude distributions with the addition 
of the gain actor G'?. 

For amplitude distributions other than the simple 
dipole, the normal procedure would be to consider the 
primary source concentrated at x =m, and modify the 
dipole amplitude variation. However, some phase error 
is introduced by neglecting the finite size of the primary 
source. A simple amplitude factor such as G'/? cannot ac- 
count for this error. 

The procedure for obtaining the secondary pattern 
will be explained with the aid of Fig. 3. 

The radiation pattern for a simple dipole source 
placed at y=-+m was obtained in Sec. III. For an ex- 
tended source of width 6, polarized in the x-direction, it 
is necessary to replace the plane aperture by an equiva- 
lent “sheet” of simple dipoles. Then by the principle of 
superposition, the far field at point (0, 7/2) is the sum of 
all infinitesimal dipoles in the x-y plane that extend 
from y=m—b/2 to y=m+b/2. If the amplitude of the 
primary illumination varies along y, then this change 
is included by a multiplicative factor. As an example, 
consider a rectangular waveguide primary source shown 
in Fig. 4. Since the amplitude variation in the E-field is 
cosinusoidal, then the field at point P due to dipole 
element at y=; is 


Le (6 =) y 
cos — (y — 2( 0, — ; 
ier Pe Oe 


=f uly 


x P(R,@,®) 


y=m-b/2 y=y, y=m+b/2 


Fig. 4—Cross section of rectangular waveguide primary source. 


where 


b b 
ape SD a 
2 z 


Since the field is continuous over the width of the 
aperture, then the field at P due to a rectangular wave- 
guide source is given by 


m+ (6/2) T T 
= if (8, =) cos ——(E — m)dé. (39a) 


— (0/2) 


To evaluate (39) with £,(0, 7/2) as given by (37), 
the offset m must be replaced by the dummy variable 
£. The integration of (39) involves simple integrals of 
the form 


f & cos = (€ — m)dé. (40) 


The resultant field pattern is given by 
Exp = Ai(8) — [are + a22 sin ®]A2(8) 
— [vio + yo sin © A;(8), (41) 
where 
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It is expected that the results due to dipole illumina- 
tion will be almost identical to those obtained for a 
waveguide primary source. The reason for this similarity 
may be seen crudely from the following. 

In line with the derivation of (41), consider the far- 
field pattern as the superposition of the individual pat- 
tern due to a displaced dipole. Assume that the change 
of phase over any given side lobe may be neglected.” 


Now consider the secondary pattern as the superposi- 
tion of two dipoles located symmetrically about y= +m. 


. _ The reader may verify that the resulting addition of the 


Pr ee ed 


term for m=0 is given by E,~exp 


two patterns will have a slightly increased beamwidth 
with little change in side-lobe level. 


V. SCALAR DIFFRACTION THEORY (PLANE 
WAVE ILLUMINATION) 


A more general, though less accurate, method will be 
employed in this section. This is the method of sta- 
tionary phase. Although it is difficult to determine the 
accuracy of the stationary phase expression, the meth- 
ods may be applied to any gain function that is bounded 
and slowly varying in the variable u=cot (6/2). 

Asymptotic approximations for integrals of the type 
given in (27) are discussed in the literature.“ The 
method is briefly summarized for convenience. Consider 
the integral 


ia) if “e(t) exp (inkl?) lat. (42) 


Application of DeMoivre’s theorem to (42) yields 


f(x) = f “o(t) cos xh(t)dt + if “s(i) sin xh(t)dt. (43) 


1 It has been shown by Pease, op. cit., that the quadratic phase 
{ —j(ka sin @)*[4kf(1—cos O]*} 
whence for @<7 SBW, a/A=20, f/A=22, then E,~exp [—j2m/15] 
or less than 26.0° phase change. eA 
13 A. Erdelyi, “Asymptotic Expansions,” Dover Publications, 
Inc., New York, N. Y., p. 35; 1956. 
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Assume x large and h(é) real. If g(¢) is bounded in (a, 
b), then by Riemann’s lemma, !4 


cos xh(t) 1 
for ( \ a= o(-). 
sin xh(t) x 
However, examination of (42) in the vicinity of the 


stationary point |[7.e., h’(é) =h'(to) =0] shows that, for 
x large, 


Flo) & g(t) exp tieh(t)] exp| —i = | V ee 


As a first approximation, the value of integral (42) is 
due to the contributions near the stationary points. 
Near ¢=to, (42) becomes 


f(x) = g(to) 
ih’ (to) 


exp lic) f ‘ Sn [=| (t ~ t)*dt, (46) 


(44) 


where a<fy) <b. 

If the limits in (46) include three standard deviations 
of the error function [i.e., the kernel in (46) ] then with 
less than one per cent error, 


f(x) = g(to) exp [ixh(to)] exp | -#| 4/ i (47) 


4 lo | 


The stationary phase points may be interpreted 
physically as discrete sources. Hence, in the evaluation 
of the contribution due to the localized source, the effect 
of the remaining portions of the aperture is neglected. 

The stationary phase integration will be concerned 
with primary sources polarized in the x-direction. Fur- 
thermore, their amplitude distributions will be different 
than the idealized dipole. The field in the aperture plane 
may be expressed as (z.e., for point source illumination) 


era = [G(6, ¢) lea, (48) 


where 


era=amplitude distribution due to tapered ampli- 
tude primary source, 
G'/2=voltage gain function, 
ea =dipole aperture field. 


If the gain function is ¢ independent, then it may be 
expanded as a series in 4, or 


Gin = > Agu), (49) 
r=0 
where 
| nee <4), tb Atha 
A,g,(u) 
u H, Jeffreys and B. S. Jeffreys, “Methods of Mathematical 


Physics,” Cambridge University Press, New York, N. Y.; 1946. 
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The integral for the x-component of the radiation 
field, (27) modified for the gain function (49), is 


T 
peS) 
2 
nr/2 a/2f 
=a SS A, f ae | ug,(u) Exp [W]du, (50) 
r —1/2 0 


where 
v =jsin o[2kfu sin O + 2kmu(1 — 2u?)]. 
The u integcation in (50) is identical in form to (42). 


The asymptotic value of (43) is given by (47), and with 
this result (50) is reduced to 


E, (0,5) = BG) as z Ave(u) 


a /2 


x sin-!/? ¢ exp [(wo)|dd, (51) 


—1/2 
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1 1/2 
(: — — sin 8) 
2m 
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x0 (areiata) 1“) 


The integration in (51) is performed expanding sin7!/? 
@ in a series of harmonics of cos 2 ¢ or 


; 1 — cos 2¢\—"/4 
sin“? = pial tea ) 


1 5 
= Quit (1 ees ha ers cos? 26 
45 
Le Se ae s -) 


173 45 
Sin ekg, = 21/4 (—+: ag cos oof Gace co 4d 


oe pone 
= COS ein 
ABW ete 


). (2 


Substitution of (52) in (51) yields 


Ee (0,7) & 2M4BYK (uo) 2) Arg (to) 


69 fz 173 
x {—f exp [W(uo) |dd ae — 
64 —1/2 


w/2 


45 
xX cos 2 exp [W(a) |d@ + =i 


—n/2 


am /2 
x cos 4 exp [W(a0) |db + - - |. (53) 


—7/2 
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The electric field, in final fora becomes 


1o8 (e,=) = 25/47 B’ K (uo) Xu ne 
69 
x 1a J (2kfh) += 12k) 


45 15 
net == J; 2, 2 ge aa 
+ 5 Tatty + Fol2hth) + : o (54) 


where 
h (si (3) m) +2 2 
= uo( sin 9 — — — Uy°. 
; : f 


The generality of the stationary phase method is seen 
from (54), which is arbitrary to the extent of the gain 
function G'/?, As a practical example, consider the case 
of a rectangular waveguide primary source. Considering 
only the 6 amplitude variation, we get the gain func- 
tion as 


cos [(1b/X) sin 6] 
[(wb/d) sin 6]? — (42/4) 


where 0 is the H-plane waveguide width. 

It is necessary to expand (55) in a convergent series 
in w=cot (0/2) near the stationary phase point u= wo. 
From (51), the value of zo near O=0 is u=1/+/6. It 
follows that, near uw)=1/+/6, 

Th 276 
—sin@é| = 
r aden 


Ue 


(55) 


0 
= 1.63 (56) 
1 — Ug” 
Note that the value of @ that corresponds to wu) =1/+/6 
(t.€., @(u =U) =2 cot! uo) determines a radial region 
near the edge of the aperture. Actually the stationary 
phase method applied in this section determines the far 
field by evaluating the contribution from annular rings 
of mean radius 79, where 


ro = 2fuo. (57) 


Hence, as we look away from the broadside direction, 
the annular region moves toward the vertex of the 
paraboloidal reflector. 

Returning to (55), we expand the numerator near 


Tv 


Reais ty: 58 
= -__ic — es 
x In : ( ) 


since from (56) it has this value (approximately) near 
uy =1/+/6. Since f>>m, near O= 0, wo will be of some- 
what large variation. The expansion of the gain func- 
tion will undoubtedly take place in a slowly converging 
series for a nonnegligible range of uo. With this in mind, 
cos ¢ is expanded near {=7/2 


_ = Ae - ) 


1/7 5 
+o(F-r) te, (59) 


cos ¢ = 
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where 
wo 20 <u 
a Sh 


VER RS 7 


At u=uo, the gain function G'/? is given by 


AL [Ge/2) — Fm)] 1 [@/2) - cm) PB 


Gib 
Meee ae ayn Oh Ge Abu?) 4) 
= >) A,g,(u0), (60) 
where 
==q)\rht 
pie Se dS 
r! 
(uo) ¢ \/e-2 f35 
ru — _— — —— 4 3 
g 0 7 & F 4 i 9%) 
A, = 0, aa) 
&r(tto) = 0, r=; 2,4: 


The radiation pattern (54) is completed with the sub- 
stitution of (60) for the r summation. 
VI. EXPERIMENTAL AND THEORETICAL RESULTS 


The vertical and horizontal components of the H- 
plane radiation pattern (current distribution method) 
are given by (14) and (15). The power pattern is pro- 
portional to the sum of the squares of Fg and Ea, or 


P(2, =) as E;? (2, =) + Ee? (0, =). (61) 


In the H-plane the spherical and Cartesian compo- 
nents of the radiation field are related in a simple manner 


[| (62) 
| £,|. (63) 


| Zs| = 
| za] = 


Figs. 5-8 (next page) show the radiation pattern as a 
function of illumination offset for dipole and waveguide 
illumination. In comparing the individual patterns, we 
will define a standard beamwidth (SBW) as a half-power 
beamwidth for an equivalent paraboloid fed by a dipole 
source located at the focus. All results in this section 
are based on the constants 


(f/D) = 0.573, D = 48 inches, = 1.25 inches. (64) 


The SBW for the above reflector is 1.55°. It follows 
that a feed offset of (m/f)=0.027 corresponds to a 
normalized value of secondary beam tilt of one SBW. 

The major effects of the displacement of the primary 
feed from the focus will be discussed with reference to 
the rigorous solution. The approximate scalar diffrac- 
tion expressions will then be compared with the results 
given by the current distribution method. Experimental 
results are given for comparison. 
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A. Side-Lobe Variation 


The side-lobe structure becomes asymmetrical around 
the main beam; the first side lobe near @=0 is higher 
than the corresponding side lobe on the other side of the — 
main beam. For an offset of 0.32 SBW, the two side 
lobes adjacent to the main beam are down 16.8 and 19 
db from the maximum value. As the feed is moved 
farther away from the focal axis, the side lobes become 
more asymmetrical. For example, at an offset of 1.85, 
SBW the side-lobe levels have changes to 15.2 and 23 
db. In accordance with the discussion given in Sec. ITI, 
the results for a waveguide primary source are almost 
identical to those for dipole illumination. For all practi- 
cal purposes, the results may be used interchangeably. 

The beam deviation 6 is defined as 


feed tilt angle 


wee (65) 


secondary main beam angle 


The value of 6 is a measure of the equivalent curvature 
of the reflecting surface. For example, if a plane sheet 
is illuminated with a point source, the angle of incidence 
equals the angle of reflection, hence 6= +1. Similarly, 
for a paraboloid fed at the focus, 6=1, since the sec- 
ondary beam is pointed along the focal axis. However, 
when the feed is moved off the focal point, higher-order 


phase distributions shift the secondary beam. Fig. 9 


shows the variation of main beam angle with the pri- 
mary feed position. The value of 6 is almost constant 
over the entire range of feed offsets. Since the value of 
(f/D) is large, then beam deviation is near unity. The 
theoretical value of 6=0.90 compares favorably with 
Silver’s value of 0.94. 


B. Cross Polarization 


The cross-polarization component, which has a null 
at the maximum value of the vertical field pattern, is 
shown in Fig. 10. The two symmetrical main lobes 
shown in the figure have their maximum value of —27 
db (relative to the main polarization) when the main 
polarization is down 12 db from its maximum value. 
The maximum of —27 db given for an offset of 0.32 
SBW is increased slightly to —25 db as the feed is dis- 
placed to 1.12 SBW. Note that the cross-polarization 
component aids in filling the deep nulls of the main field 
pattern. 


C. Directive Gain 


Two major causes of gain change with offset are the 
variation of effective radiation area and the change in 
primary power intercepted by the reflector. A consistent 
gain calculation requires: 1) a knowledge of the relative 
far-field intensity, and 2) the actual power intercepted 
by the reflector. The calculation of directive gain with 
primary feed offset will be based on the two-dimen- 
sional H-plane radiation pattern. If we are to extend the 
results to three-space dimensions, it is necessary that the 
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pattern be circularly symmetric. The directive antenna 
gain Gp is given by 


_ Pn) 
Bg Py/4x : 


D (66) 
where @,, is the direction of the main beam and P7 is the 
total power intercepted by the reflector. 

The variation of Pr with the offset distance m is given, 
approximately, by the variation of Pr for an infinitesi- 
mal dipole. The total power intercepted by the reflector 


is given by 
Qa 61 
P= Bf f cos? 6’déd¢, 
0 T 


| where 0’ is given by (7) and 0; is the extremal value of 6. 
_ Since the terms in (m/f) and (m/f)? are small compared 
_ with unity, then by (7) 


(67) 


(68) 


[1 - (4) — cos 0 | dé. 


Eq. (68) may be readily integrated, with the result 
mM 2 
ae a 2 ea 110» | 


I(6;) = 2[0, — x + sin 6; cos 6;) |= 


(69) 


-. where 


x [=o ) sia? 
ge T moro: 


21 1 3 
< (: — —cos 6, + — cos? 6; — — cos® A; i: 
32 2 16 


The evaluation of (69) for the values given in (64) yields 
the following approximate form 


Be Bm] aie (*) | 


The variation of Pr with the offset of the primary 
feed is shown in Fig. 11. For the offsets given in the 
figure, the variation of power intercepted by the re- 
flector is almost negligible. With the aid of (70), the 
change in the theoretical value of Gp with offset is 
- shown in Fig. 12. The loss of gain with offset is less than 
0.88 db for offsets less than 2 SBW. 

Fig. 13 shows the variation of directive gain with 
primary offset. It is readily seen that the change beam- 
width is proportional to the offset, or 


A(BW) a 0; 
SBW  SBW 


(70) 


; (71) 


where BW is the secondary pattern beamwidth, 6; is 
the primary offset angle and 9; is the arc tan (m/f). The 
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Fig. 13—Half-power beamwidth vs feed angle for 
single waveguide illumination (H-plane). 


value of K is approximately 0.12. As expected from 
“the rule of thumb,” the variation of beamwidth is 
slight. 


D. Discussion of Scalar Diffraction Results 


The major qualitative features as well as some im- 
portant qualitative results are predicted by the approxi- 
mate expression given in (37) and (41) and shown 
graphically in Figs. 14-16. Variation of half-power 
beamwidth and beam deviation agrees with the rigor- 
ous expressions based on the current distribution 
method. The most favorable agreement takes place at 
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small values of offset. At higher values of offset (e.g., 
0.65 SBW), the side-lobe levels predicted by the scalar 
diffraction expansion are considerably higher than the 
rigorous solution. These differences are mainly due to: 
1) the truncation of the Bessel function expansion, 2) 
the retention of only the linear and cubic phase terms, 
and 3) neglecting the cross-polarization component. 

The results from the stationary phase evaluation of 
the scalar diffraction solution are shown in Figs. 18 and 
20. The results indicate a rather low order of approxima- 
tion, and are best when the nonlinearities are small; 
however, even at large offsets the stationary phase 
method is useful for a qualitative description of the 
phenomenon. 
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Fig. 14—Radiation pattern scalar diffraction theory 
(normalized, dipole illumination, H-plane). 
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Fig. 15—Radiation pattern scalar diffraction theory 
(normalized, waveguide illumination, H-plane). 
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Fig. 18—Radiation pattern scalar diffraction theory 
(asymptotic expansion, H-plane). 
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Fig. 19—Experimental waveguide fed 
paraboloidal reflector. 


E. Experimental Measurements 


The experimental waveguide fed paraboloid reflector 
antenna is shown in Fig. 19. It is illuminated by a 
standard X-band waveguide feed. The two waveguide 


_ feeds shown in the figure are located symmetrically with 


respect to the focal axis. The physical dimensions of the 
system are given by (64). The experimental results are 


379 


0.67 SBW FEED TILT 


\ 
a 
T 


*. 


nN 
S 
aay 


RELATIVE POWER (db) 


-40 L | 4 
-6 -4 -2 ° 


FAR-FIELD ANGLE © {degrees)- 


Fig. 20—Radiation pattern scalar diffraction theory 
(asymptotic expansion, H-plane). 

shown in Figs. 9, 13 and 17. In general, the results pre- 
dicted by the rigorous solution for side-lobe level are 
low and those predicted by scalar diffraction theory are 
high. The beam deviation shown in Fig. 9 is bracketed 
by the rigorous solution and the approximate scalar dif- 
fraction method. ’ 
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Unequally-Spaced, Broad-Band Antenna Arrays* 
D. D. KINGH, R. F. PACKARD}, anp R. K. THOMAS} 


Summary—Requirements for a broad-band, steerable linear an- 
tenna array are given. The limitations due to grating lobes of an 
equally-spaced array are discussed. Results are given of the study of 
several different unequally-spaced arrays which have two advantages: 


1) fewer elements for comparable beamwidth; 
2) grating lobes and minor lobes replaced by sidelobes of unequal 
amplitude which are all less than the main beam. 


A scheme for controlling the cosine arguments in the radiation pat- 
tern formula is given which has resulted in one of the best patterns 
of this study of unequally-spaced arrays. The universal pattern factor 
was computed for an array having a set of spacings determined by 
this scheme. This array is capable of steering a beam +90° over a 
2-to-1 frequency band with no sidelobe above —5 db. It uses 21 ele- 
ments, compared to 78 for an equally-spaced array of similar beam- 
width. 

The results obtained indicate that further study of the controlled 
cosine method and unequal spacing in general should result in better 
pattern characteristics. 


INTRODUCTION 
Unequal vs Equal Spacing 
BM cacat » arrays are usually thought of as having 


equal spacings between elements. This is not 

necessary. Unequally-spaced arrays may be de- 
vised which have advantages in radiation pattern char- 
acteristics and in the number of elements required. 
Linear arrays with unequal spacing of the elements have 
been discussed in general terms in a report by Unz.! This 
paper gives the results of computations of the radiation 
patterns of certain unequally-spaced, symmetric arrays. 
The suitability of these arrays for broad-band, steerable 
arrays is demonstrated. 


Universal Pattern Factor 


The radiation pattern characteristics of an array of 


any set of relative spacings may be given as a universal 


pattern factor. For equal spacings, these are the univer- 
sal field pattern charts of Kraus? where the w scale is 
folded upon itself about ~=0.5 turn. The same field 
pattern is repeated for values of y greater than one turn. 
For nonintegral, unequal spacings as considered in this 
study, the period of the universal pattern factor is large 
and the pattern cannot be folded upon itself for the 
range of values given. Kraus’ parameter W has been re- 
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placed by a parameter Z which has been generalized to 
incorporate frequency bandwidth and beam steering 
angle. 

Each universal pattern factor presented herein is 
given for Z ranging from 0 to 2. No sidelobes occur 
which are equal to the main lobe. For equally-spaced 
arrays, grating lobes equal to the main lobe would occur 
at Z=1 and Z=2. Therefore, unequal spacings are ad- 
vantageous for arrays whose pattern would include a 
maximum Z of 1 or more. By definition, 


Z = Smin(sin 6 — sin 0), 


where 


Smin =the smallest of the set of unequal spacings in 
wavelengths, 
6)=the angle to which the beam is steered, 
6 =the azimuth angle measured from broadside. 


The maximum Z for a given Smin and 6» will correspond 
to 6=90° or 6=—90°. For a minimum spacing of 1 
wavelength, the maximum Z will be 1 for the beam 
broadside and 2 for the beam steered 90°. Such an un- 
equally-spaced array would not have the grating lobes 
of an array with 1 wavelength equal spacings. 


Broad-Band Array 


In this paper, the term “broad-band array” means an 
array of a specific length in meters whose elements are 
spaced such that the different radiation patterns at dif- 
ferent frequencies in a band each have all sidelobes be- 
low an arbitrary level. As a practical consideration, it 
is assumed that the smallest spacing can be no less than 
0.5 wavelength at the lowest frequency in the band. 
Therefore, for a 2-to-1 bandwidth, the smallest spacing 
will be no less than 1.0 wavelength at the highest fre- 
quency. Requiring beam steering of the array in addi- 
tion would result in a larger maximum Z. Unequally- 
spaced arrays with sidelobes down over a large range of 
Z will be suitable broad-band arrays. Note that use of 
the parameter Z permits bandwidth and beam steering 
performance to be interchanged readily. 


Goals 


The following characteristics were chosen as goals for 
the investigation reported herein: 


1) array to have a single narrow main beam steerable 
up to 90° from broadside; 

2) array to have all sidelobes below the main beam 
level; 

3) array to be broad-band in the sense of retaining 


the above characteristics over a 2-to-1 frequency 
band; 
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4) array elements to have a minimum spacing of one- 
half wavelength at the lowest frequency; 

5) array to have fewer elements than an array of 
equal aperture having all elements spaced at half- 
wavelength intervals. 


A aa a 
a Certain additional characteristics were assumed for 
_ simplification of analysis: 


1) all elements to be isotropic radiators; 

2) each element to have equal amplitude illumination; 

3) equal time phase to exist at each element with 
beam broadside; 

4) array to be symmetrical about its center. 


- METHOD oF ANALYsIS 


The effect of unequal spacing in a linear array has 


been studied by computing the array radiation pattern. 
Two types of computations were made on an IBM 


model 650 digital computer: 
1) universal pattern factor for a set of relative spac- 
ings; 
2) radiation pattern and gain data for a specific ele- 
ment arrangement at a given relative frequency 
and with the beam steered in a given direction. 


‘ ‘Data were computed by means of the formula 
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where 


A=the magnitude of the pattern factor in db; 
2n+c=the number of elements in the array; 
note: c=1 for an odd number of elements; 
c=O0 for an even number of elements; 
d,/\=the distance in wavelengths from the center 
of the array to the kth element; 
Z is as defined above. 


Directive gain was computed from relative power pat- 
tern data by numerical integration with the interval 
chosen to be less than half of the half-power beam 
width. © 

Various trial sets of spacings, together with results 


and criteria for choosing sets of spacings, will be de- 


scribed. Five array configurations are illustrated in Fig. 
1. This has been drawn at a relative frequency of 1.0; 


_ i.e., the minimum spacing is about 1.0 wavelength. 


COMPUTATIONS 
Logarithmic Spacing Scheme 


To-obtain the first set of unequal spacings for pattern 
computation, the elements in each half of an array were 
spread out in a logarithmic manner. This scheme is 
illustrated in Fig. 1. Ten elements are placed at equal 
numerical intervals over one logarithmic cycle. The 


smallest spacing is next to the center of the array, and > 
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the distance to the kth element from the center is 
1—log (10—). These relative spacings are then normal- 
ized so that the smallest equals one wavelength. 

The first seven distances were used in computing the 
universal pattern factor of a 15-element array (Fig. 2). 
In Fig. 2 there are no sidelobes above —5 db for Z up 
to 1.82. This means that this array could have its beam 
steered +55° and operate over a 2-to-1 band with no 
sidelobes above —5 db. 


lpi 22.8A 
x a aS RVD LEVEE EY) Citas Se 
er rr ar 
(a) 
i 2/.84A 
x—_%¥_% _»+_ ¥ 4 ¥—¥ ——— = a 
Poe i a Ee Tie Ei Ee 
(b) 
SEE SSE PE ICE A BREVILLE 5 ERE EES VEE 
ee gee gs cas te 
(c) 
pT ED SAIN SEV EEVE EOE EO) as 
Pieter bet ob ark se Pa 
(d) 
eC Sgro —+ 
ee ie * “LS } “7? } “Lg | 22 } 25. 28 i= BS. = 
(e) 


Fig. 1—Array configurations. Spacings drawn to scale with values 
given in wavelengths at relative frequency of 1.0. (a) Logarithmic 
spacings. (b) Prime number spacings. (c) Arithmetic progression 
spacings. (d) Elimination of multiples. (e) Controlled cosines 
spacings. 
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Fig. 2—Universal pattern factor for logarithmic spacing. 


Nonmonotonic-Increasing Spacing Schemes 


One pattern was computed for an array with reversed 
logarithmic spacings; 7.e., the spacings decreased mono- 
tonically from the center. The first sidelobe was only 
4.8 db down. No universal pattern factor was computed 
for this case. 

Another scheme investigated was one in which the 
spacings of the logarithmic case were chosen in a random 
sequence. A pattern factor for one random choice is 
shown in Fig. 3. The sidelobes appear to have slightly 
greater magnitude than for monotonic-increasing log- 
arithmic spacing (Fig. 2). The random choice of spacings 
represented is 2.1, 1.3, 1.5, 1.7, 1.1, 1.0, Dele 
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Fig. 3—Universal pattern factor for random logarithmic spacing. 


In all other schemes, the spacings increase mono- 
tonically from the center. More study is needed to deter- 
mine if this is a basic requirement. 


Prime Number Spacing Scheme 


Another attempt to choose spacings which were not 
multiples of some common factor was to derive a set of 
spacings from a sequence of prime numbers. The pro- 
cedure is illustrated by the data in Table I. The result- 
ant array factor (Fig. 4) has low sidelobes for Z less than 
0.6 but is not outstanding beyond that. Note that the 
elements do not spread out as rapidly as in the log- 
arithmic scheme. This prime number array has 17 ele- 
ments for a total aperture of 21.84 wavelengths, whereas 
the logarithmic array has 15 elements for a total aper- 
ture of 22.88 wavelengths. 


Arithmetic Progression Spacing Scheme 


A trial set of distances was derived from spacings 
which formed an arithmetic progression. An initial 
spacing of 1 and a common difference of 1/7 was used to 
obtain a 15-element array. A plot of data computed for 
this case is shown in Fig. 5. Except for one lobe which 
reaches —5.8 db at Z=0.61, all sidelobes are down 7 db 
or more. 


Scheme for Elimination of Multiples 


Distances were chosen for the computation of one 
pattern factor with the idea of eliminating the grating 
lobe by permitting no distance and no spacing between 
any two elements to be a multiple of one-half. The 
distances selected and the computed pattern factor are 
shown in Figs. 1 and 6. All lobes of Fig. 6 are below 
—5.8 db out to Z=1.9. This means that this array 
could have its beam steered +64° and operate over a 
2-to-1 band with no sidelobe above —5.8 db. 

This scheme resulted in the lowest sidelobes for low 
values of Z. In Fig. 6, all sidelobes are —17.5 db or be- 
low for Z up to 0.58. Now, the pattern of an array with 
the beam broadside and at the one frequency at which 
the smallest spacing is 0.5 wavelength is represented by 
the universal pattern factor from Z=0 to Z=0.5. This 
means that this array could be used at one frequency 
and without beam steering but with sidelobes 4.5 db 
below those of an equally-spaced array. This is achieved 
with equal amplitude illumination to each element, per- 
mitting maximum radiated power in very high-power 
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TABLE I 
Prime NUMBER SPACING SCHEME 


Element Prime ae d ete Distance 
1 53 106 1.06 1.06 
2 59 118 1.18 2.24 
3 61 122 122 3.46 
4 67 134 1.34 4.80 
5 isl 142 ie? 6.22 
6 73 146 1.46 7.68 
fb 79 158 1250 9.26 
8 83 166 1.66 10.92 
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Fig. 4—Universal pattern factor for prime number spacing. 
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Fig. 5—U niversal pattern factor for arithmetic progression spacing 
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Fig. 6—Universal pattern factor for elimination of multiples. 


arrays. Furthermore, only 17 elements are used instead 
of the 21 required for an equally-spaced array of equiv- 
alent aperture. 

It should be possible to minimize sidelobes further 
over a restricted range of Z from 0 to 0.5 . This method 
offers an alternative to that of tapering the amplitude 
illumination of an equally-spaced array. 


Scheme for Control of Cosine Arguments 


The core of the problem considered here is to mini- 
mize the sidelobes of a pattern factor for Z up to 2. A 
direct approach is to examine the pattern factor 
formula 
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c+ 2° cos 


d 
(2x2 <) 
r 


A = 20 logio — 
2n +c 

The magnitude of A depends directly upon the sum 
of m cosine terms having arguments 27Z(d;/d). Since 
the cosine function is periodic over the interval 27, 
Z(d,/d) represents the number of periods, and the inte- 
gral part of Z(d;,/X) may be dropped. Now, the value of 
the cosine function varies from 1 to —1 for arguments 
ranging over one period. Therefore, the 1 cosine terms 
will tend to have an average sum of zero if the fractional 
parts of Z(d,/\) are evenly spread over the range 0 to 1. 
A set of 1 distances (d;/X) can be chosen easily so that 
this is true for one value of Z. The problem is to pick a 
set of distances such that for all Z in the range 0.05 to 2, 
the fractional parts of Z(d,/d) will spread evenly over 
the range 0 to 1. Then the sidelobes for all Z in the range 
0.05 to 2 will be minimized. 

A set of distances was devised that tended to have the 
above property. The data are given in Table II. The 
total aperture is much greater in this case, since the 
spacings chosen increase rapidly. Only 21 elements are 
used in an array 38.6 to 19.3 wavelengths long over a 
2-to-1 band. It is not known if this rapid increase in 
spacing is necessary for the above criterion to be met. 

The universal pattern factor for this case is shown in 
Fig. 7. Data for an array of equal spacings are given in 
‘Table III for comparison. An equally-spaced array has 


_ beam, at Z=1 and Z=2. All other lobes are below —13 
_ db, however, making the equally-spaced array suited 


for applications requiring low sidelobes over narrow 
bands of operation. The controlled cosines method has 
‘successfully eliminated the 0-db-level grating lobes for 
Z up to 2, but at the expense of other sidelobes rising 
above —13 db. The controlled-cosines array can have 
its beam steered +90° and operate over a 2-to-1 band 
with no sidelobe above —5 db. The equally-spaced array 
cannot operate over a 2-to-1 band without having a 
0-db-level grating lobe even if the beam is not steered 
from broadside at all. 


Beamwidth and Gain 


~ The beamwidth of an unequally-spaced array is 
nearly the same as for a continuous, uniformly illumi- 


nated array of the same length. Beamwidths for both 
vary inversely as the aperture in wavelengths. A 22.9- 


wavelength logarithmic array has a broadside beam- 
width of 2.3° vs 2.2° for a uniform array. A 38.6- 
wavelength controlled cosines array has a beamwidth 
of 1.5° vs 1.3° for a uniform array. The beamwidth in- 


creases as the beam is steered off broadside, reachmg 


18.5° at endfire for the controlled cosines case compared 


to 17.4° for uniform spacing. 
- The directive gain was computed for a few specific 
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TABLE II 
EFrecr or SPACINGS ON COSINE ARGUMENTS 
Element eck Distance Ld, 
Number | ~P#“'8 | (Zd, for Z=1)| Z=.25 | Z=.5 | Z=2 
1 1.0 1.0 0.25 0.5 2.0 
2 14 D4 0.525 1.05 4.2 
3 Ley 3.4 0.85 Los 6.8 
4 is) 4.9 1.225 2.45 9.8 
5 il 6.6 1.65 ee i Rie de 
6 1.9 8.5 FAQS 4.25 17.0 
if Di, De 10.7 2.675 5,35 21.4 
8 25 13.2 3.3 6.6 26.4 
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Fig. 7—Universal pattern factor for controlled cosines. 
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TABLE IiIl 


COMPARISON OF ARRAY Factors of Two ARRAYS OF EQUAL 
APERTURE 


Array with Spacing 
Chosen by Controlled 
Cosines Method 


Array with Equal 
Spacing 


All spacings equal 4/2 at 


Spacing Smallest spacing equals 
»/2 at the lowest fre- | the lowest frequency. 
quency. 
Total aperture 19.3r 19.5r 
Number of ele- 
ments 21 40 
Bandwidth Sacrificed for Low Sidelobes 
Bandwidth 1.09 to 1 1.3 tow 
Beam steering 
range +30° +30° 
Maximum side- 
lobe level — 9db —13 db 
Sidelobe Level Sacrificed for Bandwidth 
Bandwidth 2 tol 2 tol 
Beam steering 
range +90° two 0-db grating lobes 
when steered +90° 
Maximum side- 
lobe level — 5db one 0-db grating lobe 


with beam broadside 


cases. The calculated values are approximately equal to 
the theoretical gain which is 2n-+C, the number of ele- 
ments, for an array of equal amplitude illumination. 
The directive gain of a 19-element array was calculated 
by pattern integration to be 18.2 (12.6 db). If the same 
aperture were used for an equally-spaced array with 
half-wavelength spacing, 45 elements would be accom- 
modated with consequent gain of 45 (16.5 db). Reduced 
gain must be considered against the advantage of 
achieving a narrow beam over a broad band with a re- 
duced number of elements. 
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CONCLUSIONS 


Preliminary calculations have been made for several 
arrays of unequally-spaced elements. Universal pattern 
factors have been computed and interpreted for broad- 
side, steerable arrays. One of the best schemes devised 
for the spacing of elements resulted in an array capable 
of operation over a 2-to-1 band, beam steerable to 
+90° with sidelobes —5 db or below. 

In very high-power applications of single-frequency, 
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‘broadside arrays, use of unequal spacings is a possible 


method of reducing sidelobes which is more efficient 
than tapering the amplitude illumination. 

Various points for further investigation have been 
indicated. In particular, derivation of other sets of dis- 
tances by the controlled cosines method promises pat- 
tern improvement. The data obtained demonstrate the 
possible advantages of using unequally-spaced arrays. 
However, the potentialities of unequal spacing have not 
been explored in detail. 


Resonant Slots with Independent Control of 


Amplitude 
BERNARD 


Summary—The design of slot arrays requiring nonuniform phase 
distributions, such as those having shaped beam radiation patterns, 
are facilitated by the development of slots having independent ampli- 
tude and phase control. A “complex” slot (which is inclined and dis- 

- placed) on the broad wall of a rectangular waveguide makes it pos- 
sible to control the coupling characteristics over a range in phase 
from zero to 27 and over a range in magnitude from zero to unity. 
The “voltage” across the slot as a function of its orientation is found 
and is related to the coupling parameters used in common array de- 
sign. An experimental procedure for independently verifying the 
amplitude and phase characteristics is described. A typical complex 
slot array design is made and radiation patterns are included demon- 
strating the accuracy and usefulness of the design procedure. 


INTRODUCTION 
\ NARROW half-wave slot cut in a waveguide 


will, in general, interrupt the current sheet 

which exists on the inside surface of the wave- 
guide. This interruption excites a time-varying electric 
field across the slot and a corresponding magnetic field 
along the slot. The result is a half-wave magnetic dipole. 
Energy is radiated from this resonant slot with an am- 
plitude and phase partially dependent upon the compo- 
nent of the current sheet which would exist perpendicu- 
lar to the slot at its center if the slot were not there. 

It has been common practice in the past to orient the 
slots in such a manner as to interrupt only those cur- 
rents which are either in-phase or in phase-quadrature 
to the wave in the guide. As a consequence of this prac- 
tice, aperture distributions of slot arrays have been, for 


* Manuscript received by the PGAP, May 4, 1959; revised manu- 
script received, February 10, 1960. This paper was presented at the 
1958 URSI Spring Meeting, Washington, D. C., April 24-26, 1958; 
also published at Hughes Aircraft Co., Culver City, Calif., Tech. 
Memo. No. 573, December, 1957. 

t Dept. of Elec. Engrg., University of California, Berkeley, Calif. 
Formerly at Hughes Aircraft Co., Culver City, Calif. 
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the most part, limited to tapered amplitude distribution 
of equiphase slots. 

The general slot under consideration in this paper, 
however, is not oriented in such a specific manner. 
Since it is inclined at an angle from the axis and dis- 
placed from the center of the waveguide, any phase and 
amplitude can be obtained. Included in this paper are 
the phase and amplitude characteristics of an inclined- 
displaced slot (hereinafter referred to as a complex slot). 
Also included is a design for an array of slots giving a 
csc>/*h cos? radiation pattern. 


DISCUSSION OF THE THEORY 


The boundary value problem for the fields in the vi- 
cinity of a waveguide slot was solved by Stevenson! and 
Watson.? They determined the voltage V across the 
center of a resonant broadwall slot in terms of the angle 
of inclination 6 and the displacement x. When the exci- 
tation is assumed small, the voltage transformation 
ratio V/A is given by? 


Tv 
cos E cos (i — 0) | 
8.10 2 


V | Valea . 
— = |— | ele = eitzla 
A A a sin (i — @) 
Tv 
cos E cos (i + | 
—jrala 1 
sin @ 4-9) : (1) 


1 A. F. Stevenson, “Theory of slots in rectangular waveguides,” 
J. Appl. Phys., vol. 19, pp. 24-38; January, 1948. 

_? W. H. Watson, “The Physical Principles of Waveguide Trans- 
mission and Antenna Systems,” Clarendon Press, Oxford, Eng., pp. 
eee 192-199; 1947, 

* Stevenson, op. cit., (27), (32), and (38); Watson, op. cit., (66.1), 
(66.3), (64.2), and (66.1). oe Os 


1960 


where 


A =the amplitude of the dominant mode in the wave- 
guide, 
a =the inside broad dimension of the waveguide, 
x =the displacement of the slot, 
@=the inclination of the slot, 


and the angle 2 is given by 


: , r r 

2 = sin~-'— = cos !— = tan! —- « (2) 
a Ng 2g 

The slot geometry is shown in Fig. 1. 

In the derivation of 1), certain simplifying assump- 
tions are necessary: 1) the walls of the waveguide are 
perfectly conducting and of negligible thickness; 2) the 
slot width is small compared with its length; 3) only the 
TE. mode propagates. These assumptions are, for the 
most part, not fully realized in practice, and thus small 
deviations from the theoretical expressions are to be 


expected. The amplitude and phase characteristics of 


(1) are plotted in Fig. 2 as a function of the slot orienta- 
tion with a=0.9 inch. 

Usually, array design is based on slot coupling co- 
efficients which relate the power radiated to the power 
in the guide. The coupling coefficient y is approximately 
related to the voltage ratio V/A by 


V kk,b 
=| = 12.74 OY (3) 
A a 


where k=27/\, ky=2m/d, and a and b are the inside 
dimensions of the waveguide. [Eq. (3) is derived in Ap- 
pendix I]. Approximations leading to (3) have been 
made, based upon the excitation being small. These 
approximations were found to result in an error of five 
per cent where y =0.1. 


EXPERIMENTAL VERIFICATION 


In the transmission line formulation, the general 
inclined-displaced slot may be represented by an equiv- 
alent TF or 7 network located in the plane of the slot. 
Straightforward methods could then be used to measure 
the impedance parameters of this network. However, 
an alternate scheme, utilizing the transformation prop- 
erties of a discontinuity in a waveguide, was developed. 
This technique allowed verification of the theoretical 
relations without the determination of the equivalent 
network representation. 

The transformation of a wave as it passes a dis- 
continuity, such as a slot in a waveguide, is given by 
Watson* 

ele (tl — 2s) 0 


YY = ——_—____ (4) 
1 — ge? 


4 Watson, op. cit., p. 13, (16.6). 
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VOLTAGE MAGNITUDE RATIO, |V/A|, VOLTS/(VOLT-INCHES) 


SLOT VOLTAGE PHASE, a, DEGREES 


Fig. 2—Complex slot design characteristics. 


where I” is the reflection coefficient just before the plane 
of the slot and IL is the reflection coefficient just beyond 
the slot. The quantity g, discussed in Appendix I, is a 
measure of the magnitude of the disturbance and is real 
for resonant slots. The quantity 6 is a measure of the 
phase and is related to the phase of the radiated wave 
discussed in a subsequent part of this section [see (9) ]. 

Following Watson’s procedure for measuring phase, 
a calibrated short was placed beyond the slot. It was 
possible to find a position of this shorting termination 
such that the slot would not radiate. With the short at 
this position, the reflection coefficient is the same on 
either side of the slot. The reflection coefficients [' and 
I’ were set equal and (4) was solved. This equation be- 
came quadratic in I and was found to have a double 
root equal to e” for g#0. 
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The admittance in terms of the reflection coefficient 
was taken from standard transmission line equations, 


T-1- 
eS (5) 
T+ 1 
with I’ =e*=cos 6+ sin 6, (5) reduced to 
6 
= can oe (6) 


The admittance of a shorted termination, also taken 


from standard transmission line equations, is given by 
TZ 
Ve ecots (7) 
Xo 
where z is the distance from the short to the plane of the 
slot. Eqs. (6) and (7) were equated and 6 was extracted, 
giving 


21z 


bar-—. (8) 


Ng 


The quantity 6 is related to the slot voltage phase a by 
Watson$ as 


0 2a— mT: (9) 


The measured values of 6 from (8) are shown in Fig. 3 
along with theoretical values calculated from (9) and (1) 

To verify experimentally the magnitude relations, 
several methods were tried. Watson suggested finding g 
in (4) by measuring I’ with a matched termination 
(=0). Since 6 was previously determined independ- 
ently and I’ was measured, g was readily found from 
g=I’/e*, However, this method did not prove to be 
practical, since the voltage standing-wave ratio was too 
small to be measured accurately. 

The same method as used with series and shunt slots 
was applied. First the position of the shorted termina- 
tion, at which the slot did not radiate, was found. Next, 
the short was moved \,/4 from that position. The input 
VSWR was measured, and g was calculated from the 
following relation: 


at 
Spent 


(10) 


where 7 is the VSWR. (This relation between the trans- 
formation magnitude and the measured VSWR is de- 
rived in Appendix II.) The resulting experimental value 
of g was compared with the theoretical value from (15) 
in Appendix I. This comparison is plotted in Fig. 4. 

The resonant slot length was determined experi- 
mentally. This was done in the same conventional 
manner as if the slots were pure series or pure shunt. 
With the short in such a position as to render the slot 


5 Ibid., pp. 96-97, (66.1) and (66.8). 
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Fig. 5—Resonant slot length for complex slots. 


14-inch waveguide. 


This array was constructed according to the tolerances shown 


below. 
For Ax <0.009 inch+0.002 inch 
0.010<Ax<0.019 +0.003 inch 
0.020<Ax <0.034 +0.004 inch 
0.035 <Ax +0.005 inch 
@<0°30’ SEY Hl 
0°30’<9@<2° +10’ 
Wife) sey 4 Ue 
all J +0.005 inch. 


ineffective as a radiator, a null position was found on a 
slotted line in front of the slot. The short when moved 
,/4 would cause this null to move d,/4 if the slot were 
resonant. These experimental results are plotted in 
Fig. 5. 

The term “resonant” may seem to 
with previous usage. However, @ more general criterion 
for resonance of a slot 1s not that one sees a pure resistance 
or pure conductance at the plane of the slot, but rather 
whether or not the transformation of the wave past the slot 


be inconsistent 
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exhibits a change in phase. The former criterion is con- 
sistent with the latter only in the case of pure series and 
pure shunt slots. The latter applies to complex slots in 
general, series and shunt slots being special cases. 

The theoretical and experimental values of magnitude 
and phase checked so well that it was decided to design 
the first array from the theoretical relations. 


SLoT ARRAY DESIGN PROCEDURE 


Further verification of the theory was obtained by 
designing and testing a shaped-beam array of complex 
slots (see Fig. 6). 

The aperture excitation of a discrete array of WN radi- 
ating elements is given by 


(11) 


where a, is real and positive and »=0,1,2,---,N-—1. 
The coupling coefficients required to give the distribu- 
tion of (11) may be determined in terms of a, and the 
power into the matched load P, by® 


ia weil = P;) 
Ky-1 =) K,(A1 eS Pr) 


An = Gnei 


(12) 


Yn 


where 


Previous work’ had made available the aperture dis- 
tribution for a 15-element array having csc**o cos!/*@ 
radiation pattern. This information was used as the 
present design objective. Table I gives the aperture slot 
excitations ad, and a,’ for this array. 

The coupling coefficients 7, were calculated from (12) 
for standard X-band waveguide (a=0.9 inch, }=0.4 
inch), f=9375 mc and with Pz set at 66 per cent. This 
large value of P, was necessary in order to keep Yn —<Oel- 
A longer array with a greater number of slots would, of 
course, enable one to reduce P;. For example, for Pz =2 
per cent, 50 to 60 slots are required. The voltage ratios 

| V/A / , were calculated from (3) and the inclination 0, 
and displacement Ax, were read from Fig. 2, where 
a 
ee 


2 


(13) 


The slot length was then taken from Fig. 5, for a width 


of 1/16 inch. 
The radiation pattern of this array is shown in Fig. 7 
superimposed on the computed pattern. Discrepancies 


6 M. G. Chernin and R. W. Bickmore, “A design method for very 
long linear arrays,” 1956 IRE CONVENTION REcorD, pt. 1, pp. 225— 
229: and V. T. Norwood, “Note on a method for calculating coupling 
coefficients of elements in antenna arrays,” IRE TRANS. ON ANTEN- 
NAS AND PROPAGATION, vol. AP-3, pp. 213-214; October, 1955. 

7 “Research Report on Development of AS-(xA-85)/APQ Flat 
Slab K-Band Bombing Radar Antenna,” Hughes Aircraft Co., Culver 
City, Calif., Rept. No. 437-01-F, p. 40. 
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TABULATION OF THE SLOT ARRAY DESIGN 


July j 


ee 


Qn (i) : BXz ; i 

: Gn (degrees) ne |V/A|n (degrees) (inches) (inches) 

3.351 4.00 0.00501 0.7104 +0.20 +0.018 0.608 
: 2.163 +1362 0.00209 0.4586 +0.38 —0.010 0.608 
2 2.819 +44.42 0.00357 0.5994 +1.40 +0.009 0.609 
3 Vc235 + 1.04 0.02406 1.5559 —0.12 —0.040 0.609- 
4 0.655 — 0.77 0.00020 0.1419 —0.008 +0 .004 0.608 
) 1.339 +43 .98 0.02538 1.5980 —4.50 —0.029 0.610 
6 10.285 +43 .12 0.05252 2.2988 +6.60 +0.044 0.611 
7 13.468 +12.50 0.09880 3.1530 —3.05 —0.084 0.614 
8 11.666 + 3.01 0.08021 2.8409 +0.62 +0.076 0.612 
9 9.679 —13.09 0.05843 2.4247 +2 .33 —0.061 0.611 
10 7.655 —12.73 0.03794 1.9538 —1.77 +0.049 0.610 
il 5.632 —17.57 0.02096 1.4522 +1.78 —0.035 0.609 
12 4.198 —26.99 0.01179 1.0892 —1.83 +0 .023 0.609 
13 2.977 —24.44 0.00596 0.7744 1.06 —0.015 0.608 
14 1.000 0.00 0.00067 0.2596 0.00 +0.007 0.608 
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Fig. 7—Theoretical and experimental radiation patterns from a 15- 


element array of resonant complex slots: , experimental; 
—-—-—- theoretical. 


are seen to be within +2 db over the region of major 
interest. Comparison of the two curves remained within 
+3 db over a 4.3 per cent frequency band centered at 
9375 mc. The power into the load at 9375 mc was 66.3 
per cent as compared with the design value of 66 per 
cent. The input VSWR at 9375 mc was 1.4 and re- 
mained below 1.5 over a +4 per cent band. 


CONCLUSIONS 


The expressions of Watson and Stevenson for complex 
slot characteristics have been reduced to a useful form 
by the assumption that the excitation is small. This as- 
sumption has resulted in relatively simple design equa- 
tions which find direct application in the development 
of a very versatile radiating element. Although values 
for the relation between the slot voltage and its orienta- 
tion are in error due to the small excitation assumption, 
the same assumption causes approximately equal but 
opposite error in the predicted relation between the slot 
voltage and the coupling coefficient. The error between 
the orientation and coupling is, therefore, very small. 

This balancing of errors has been investigated only 
for coupling values of 0.1 and less. The possibility exists 


that this effect might occur for larger coupling values as 


well. If this were the case, the range of validity of the 
design equation would be considerably extended. 

Since Watson’s method of measuring the magnitude 
characteristics was found impractical, an alternate ex- 
perimental technique was used. A surprisingly simple 
relation was derived which related the measured vari- 
ables with the magnitude characteristics. Since the 
theoretical values were so well verified by the experi- 
mental data, the shaped-beam array was designed 
theoretically and proved successful. 


APPENDIX [| 


DERIVATION OF THE RELATION BETWEEN THE SLOT 
VOLTAGE AND THE COUPLING COEFFICIENT 


Watson® introduces a quantity g which is related to 
the power radiated. The fraction of the power absorbed 
in the load (7.e., that power radiated from the slot) when 
the line is terminated in a match is 


pe sidete 4) 
1a 
He writes this quantity g as® 
pies 
oo ze (15) 
where L=a/(rbkk,) and ¢ is given by 
aie (16) 
A 


and K approaches a negative real constant —0.338 for 
resonant slots with small excitation. 

Squaring the absolute value of (16) and combining 
with (15) gives 


= : (17) 


8 Watson, op. cit., p. 14. 
® Ibid., p. 96, (66.7). 


5. 
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When the quantity 7° is defined as the ratio of the radi- 
ated power P, to the power béyond the slot Po, the frac- 
tion of the power radiated becomes P,/(P,+Po) =P;/P: 
and from (14) may. be written 


ji-glP PB Y 


jhe See RSS ES Se aes ; 
gles Pears faye n 


(18) 


For small excitation, y and g become small compared 
to unity. Eq. (18) under this condition reduces to 


(19) 


and from (17), there results for a resonant slot with 
small excitation 


22= 7 


: Y 


ne oe a 


Therefore, the absolute value of the relative voltage is 


Prien aaes 
At 9LK 


(21) 
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Since K is real and negative, (21) is real and (3) results 
V a i lige: 

—|= 12.74 y. 

A a 


APPENDIX II 
DERIVATION OF EQuATION (10) 
When (A) is solved for g, 
I’-T 
i TT’e7> — 21 + e7 


g (22) 
With the short at a position A,/4 from a minimum radi- 
ating position, l= —e* and I’ = —[(r—1)/(r+1) Je® for 
a resonant slot. Eq. (22) then becomes 


Pies (23) 
(—) id 4 3¢i8 
e€ 
r+i1 ; 
which reduces to 

1 
= 10 
Sieg (10) 


Mutual Coupling of Shunt Slots* 
A. F. KAY} anv A. J. SIMMONS} 


Summary—Stevenson’s method of analysis is extended to the 
case of a pair of shunt slots in the broad face of rectangular wave- 
guide. The voltages in the slots are calculated including the effect of 
mutual coupling. Formulas suitable for calculation of mutual coupling 
are presented and the results of calculations for certain cases of over- 
lapping quarter-wave spaced slots and nonoverlapping half-wave 
spaced slots are presented. 

Measurement of the scattering matrix of the slot pairs inside the 
waveguide and the radiation patterns external to the waveguide for 
the overlapping case tend to confirm the results of the theory. 

Calculations of the effect of mutual coupling on the patterns of 
three half-wave-spaced slot arrays indicate that mutual coupling is 
usually negligible for this type of slot. 


I. INTRODUCTION 


HE task of the designer of a waveguide slot array 
ah antenna is to control the voltages in the individual 
slots in the array in order to obtain a desired 
radiation pattern. It is usually assumed that the field 


* Manuscript received by the PGAP, May 29, 1959. The work re- 
ported in this article was sponsored by the Air Force Cambridge 
Research Center under Contract No. AF19(604)-3476. 

+ Technical Res. Group, Somerville, Mass. 


in a narrow slot can be characterized by a single complex 
number V, representing the voltage across the center of 
the slot.! In the absence of mutual coupling the slot volt- 
ages may be calculated using transmission-line theory, 
with the slots represented by shunt or series elements. 
The transmission line theory can be used to take ac- 
count of the coupling which takes place in the dominant 
or propagating mode. When the slots are close enough 
together, there is coupling caused by the fields external 
to the waveguide and also by higher-mode internal fields 
which act to change the voltages in the slots from those 
calculated by transmission line theory. This coupling, 
excluding the effects of dominant mode coupling, is 
what will be referred to in this paper as “mutual 
coupling.” 

The changes which are caused by this mutual cou- 
pling may be treated by representing the slots by 7 or 
T networks instead of simple series or shunt elements. 


1A. F, Stevenson, “Theory of slots in rectangular waveguides,” 
J. Appl. Phys., vol. 19, pp. 24-38; January, 1948. 
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This treatment is of limited usefulness since it provides 
information only on the transmission line properties of 
the slots, permitting one to calculate impedance. The 
voltages in the slots, which are of primary interest, are 
not readily identifiable with voltages in the equivalent 
network. In the following study the voltages in the slots 
are considered basic, though the equivalent network 
may also be found from the results. 

The special case of a pair of longitudinal shunt slots 
in the broad face of rectangular waveguide is treated. 
If one knows mutual coupling between pairs of slots, one 
can then use this information to calculate the effects of 
mutual coupling on arrays by treating the slots in pairs. 
Calculations have been carried out for quarter- and 
half-wave slot spacing, and experimental measurements 
have been made in order to check the theory. In the 
half-wave case, calculations have been carried out to 
predict the effect of mutual coupling on the pattern of 
various low-sidelobe arrays which were designed neg- 
lecting mutual coupling. 


II. CALCULATIONS OF MUTUAL COUPLING FROM THEORY 


We start with the pair of slots and dimensions defined 
in Fig. 1. A dominant mode is incident from the left 
with voltage e?U@-), where 


U = Ix/dy = IxvV/1 — (A/20)?/2, (1) 


and a matched load follows the slots on the right. All 
the assumptions made by Stevenson! are also made 


here. Briefly, the waveguide walls are infinitely thin” 


perfect conductors, the slot is narrow and radiates only 
into a half space, and the guide dimensions are such that 
only the dominant TEo: mode may propagate. The 
tangential electric field in the slots is assumed to have 
only an x component and to be equal to 


V; 7 
== €O5 arr (z — 2;) 
Wi i 


i=1or2 (2) 


Fig. 1—Slot parameters. 


July | 


where w,; and /; are the slot width and half-length, 2; is 
the z coordinate of the slot center and V; is defined by 
(2) and is called the voltage im the slot and is the quan- — 
tity of greatest interest. : 
Following a suggestion by Stevenson,” the voltages in 
the pair of slots can be shown to be related by the 
equations : 


O1 = AnVit AnVo, 


f2 


(3) 


AyVi + AoVe, ie 
where 


= fee Ue, 


and, for narrow slots (w;<a), 
ts : wd; 
6 ee ee ee 
=i a 


4=1 or 2.4 


-cos (U1;) 


The ¢; are analogous to “driving currents’ and are 
proportional to the dominant-mode magnetic field at 
the position of the slot as in Stevenson’s analysis.* 

The coefficients Ai; or Age in (3) also relate the volt- 
age in the slot to the incident field when only one slot 
is present, and are known from single-slot theory or 
from measurement. The coefficients 412=A2, are cou- 
pling coefficients including both dominant-mode and 
mutual coupling. We subtract the portion of Ay. which 
arises from dominant-mode coupling, in order to obtain 
a quantity expressing only the mutual coupling. To do 
this it is convenient to define a parameter }°» as 


? wRUbe1C2A 12 Cy09e 7 G2-2)) ; 
2¢10F 20 2 
where 
way wds 
& a 


The second term on the right of (5) cancels the dominant 
mode coupling associated with the first term. The ad- 
ditional factors present in this definition serve to sim- 
plify the later expressions involving }°\) and in par- 
ticular make all the terms depending on coupling inside 
the waveguide pure real. }°) vanishes when mutual 
coupling is negligible; therefore we call it the mutual 
coupling coefficient. The mutual coupling problem is 
now reduced to the problem of finding the values of > . 
for given parameters of the slot pairs. In general, yy 
may be divided into four parts, 


2 Ibid., see (71). 
3 Ibid., see (26). 


ee ey er 
, 


1960 se 


eG aaa) —"| 
16 cos (1,U) cos (l2)U 
{M+N+P-+ RI, (7) 


where M, N, P, R are functions given in Appendix I. 
The physical significance of the four terms are as fol- 
lows: M, N and P are the internal coupling terms, and 


ae 


Ris the external coupling term. M and P are zero except 


in the case where the ends of the slots overlap in the 


_ g direction in which case M represents the additional 


SE ee a NOE eS CYTE EN Nee TERT ETRE Ce Ce NN eee OE CY te ee NR Te Tee ey ER STE eT te aa eee ee 


dominant-mode coupling caused by overlap, and P 
represents the additional higher-mode coupling. 

For the purposes of computation we first treat the 
case in which /,=].=h/4, 1.e., half-wave slots. The 
general expressions for M, N, P, R may be simplified 
considerably for this case, and in fact we use these 
simplified expressions for M, N, P and R for all cases in 
which /~)/4 which is true for the resonant slots used in 
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practice. It is our belief, based on physical grounds, that 
while the self-coupling terms Ay, and Az: depend 
markedly on the slot length, the mutual coupling is a 
slowly-varying function of slot length, and, since the 
inclusion of mutual coupling introduces in general only 
a small correction to the calculated slot voltages, a 
closely approximate value for }%, calculated for the 
case 1=}/4, is sufficient in practice. This contention 
seems to be borne out by experiment, as will be shown 
in Section IV. 

In order to check the theory experimentally, values 
of > %o were calculated for 12 cases with \,/4 spacing 
(overlapping slots) and five cases of \,/2 spacing at a 
frequency of 9364 mc using waveguide of internal di- 
mensions a=0.900 inch, b=0.400 inch. The calculated 
results are presented in Fig. 2 and in Table I. For the 


ye ‘ ; 
é ince oak eees 
“s (ga ee : 
f —~ 220° Fe silicos > 
1D 
6 t 4 
E e 
fo 
‘ : SSC: eet 
tra o Le 
Io 
feet ins 
n -— 1002 K 
Se Eee & 
| ie OB 8 338 AI8 8B. 618 TS 
; BAe 18 2 5) 
16 2) Bie |i ss] 4/8 3/8 6/8 AC | | [8 68 7 
(a) (b) 
Fig. 2—Theoretical values of the mutual coupling coefficient >, \,/4 spacing. (a) External coupling, (b) internal coupling. 
TABLE I 
CALCULATED VALUES OF )\o 
Case di/a do/a | Yoo External >>» Internal | SRF 
d,/4 Spacing 
| 3/4 —0.2250+0.07787 0.0764 —0.1490+0 .07787 
2 oe a4 —0.2500 —0 .06287 0.0497 —0.2000 —0 .06287 
3 3/8 3/4 —0.1870—0.22207 0.0371 | —0.1500 —0.22207 
4 1/2 3/4 —0.0107 —0.36907 0.0973 0.0866 — 0.3690) 
5 5/8 3/4 0.3550 —0.47207 0.3470 0.7020 —0 .47207 
6 3/4 7/8 0.3550 —0.47207 0.2530 0.6080 —0.47207 
7 5/8 7/8 —0.0107 —0.36907 —0.0364 . —0.0471 —0.36907 
8 1/2 7/8 —0.1880 —0..2220; —0.1090 | —0 2970 —0. 2220; 
9 3/8 7/8 —0.2500 —0.06287 —0.0438 | —0.2940 —0 .06287 
10 1/8 7/8 —0.1440+0.17307 0.1750 | 0 .0306+0. 17307 
11 1/2 5/8 0.3550 —0.47207 0.4940 . 0.8490 —0.4720) 
12 3/8 5/8 —0.0107 —0.36907 0.2700 0.2590 —0.36907 
; d,/2 Spacing 
—0.0569 —0.01967 0.00531 | —0.0516—9.01967 _ 
5 : Ha ya — 0.0508 40.0005; 0.00571 | —0.0541 +0 .0000957 
3 3/8 3/4 —0.0536+0.03657 0.00893 Spee toe 
4 1/2 3/4 —0.0414+0.0591j 0.01600 =0.0253-+0.0591) 
5 5/8 3/4 —0.0352+0.07357 0.02480 —0.0105+0.0735; 
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sake of comparison,of the importance of internal and 


external coupling we have plotted 


aU ek aes ene 


l= R, (8) 
du eantbag 16 cos? (U1) 
2U72 kh? oes U? 2 
>> internal = Rae) (M+N+P). (9) 


16 cos? (U1) 


The dashed portion of the curves in Fig. 2(b) indicate 
an estimate of where the curve lies, since in this region 


‘the slots intersect each other and the theory breaks 


down. It may be seen that } % internal is of the same 
order of magnitude as ) +» external for the \,/4 spacing, 
the latter varying in phase while the former is of con- 
stant phase, independent of slot spacing. In the case of 
\,/2 spacing, >» external appears more important than 
do internal for most cases. With these values for Oe 
(5) may be solved for 412 and the voltages in the slots 
found from (3). From these voltages may also be found 
the reflection and transmission coefficients inside the 
waveguide, as will be indicated in the next section. 


III]. CALCULATION OF COUPLED-SLOT VOLTAGES AND 
SCATTERING MATRIX FROM SINGLE-SLOT DATA AND 
THE MuTuAL COUPLING COEFFICIENTS 


The voltages in the slots may now be calculated from 
a knowledge of the single-slot behavior and the value of 
doo. It is convenient to introduce a parameter 6; which 
expresses the relation of the voltage in the zth slot to the 
dominant-mode fields excited by the slot inside the 
waveguide. A slot with voltage V; excites two dominant- 
mode waves of equal amplitude 6; traveling in opposite 
directions away from the slot. The complex amplitude 
of either wave referred to the slot center is given by 


V tio 
E 
w2kUb 


a 


(10) 


where 1=1 or 2, which is the same as Stevenson’s usage,‘ 
with slightly different notation, and shows that the 
dominant-mode amplitude is directly proportional to V; 
and to the dominant-mode coupling factor, €%9. Eq. (10) 
is fundamental and holds, by superposition, regardless 
of whether other slots are present or not. If slot 7 is 
present alone, we use the notation of Vio for V; and Byo 


for B;. 


Making use of (10) we can relate the self-coupling co- 
efficient Ay, or Ae. to the admittance or the reflection 
coefficient of the single slot. For convenience, we char- 
acterize the single slot by its reflection coefficient, s; or 
So, a quantity easily subject to measurement. We have 
first 

71 = Bio, Soo ef (22-21) 34 (11) 
where these reflection coefficients are referred to the 
centers of the respective slots. Next, using (3), with Aj» 


4 Tbid., see (25). 
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set equal to zero, and (10), we have 
Fi0” 


es (12) 
wk Ubs; 


= t= Jor 2: 
We now have sufficient relations to calculate 6; and V; 
in terms of } 0 and si. 

In two particular cases considered, we can show, after 


some manipulation, that for \,/4 spacing 


iL S iso(ys1 — 1) 
ape ae) Hea Ss ike (13) 
1+ y'sise 1 + y’sise 
where 
2 
ayer Soe (14) 
C162 
For \,/2 spacing 
5i(1 — 252) $2(z5, — 1) 
oe a = 5 
a 1 — 275152 i 1 — 275182 : iS) 
where 
0; 
ee? 2 sae, (16) 


C102 


In practice it has proved most convenient first to calcu- 
late 61 and 82 from (13) and (15), and then to find V4 
and V2 using (10). 

Also, knowing 8; and {2 it is a simple matter to calcu- 
late the interaction of the slots with the dominant mode 
in the waveguide, which is of interest for impedance 
calculations. This is most simply done in terms of the 
scattering matrix, 


Sir S12 
s]-(" ™), 
So1 S22 
where, from the definition of 8; and 2, it easily follows 
that 


(17) 


Sir = Bi + Bo eae 


Sia = (1 + Bi)ew™ 2-4) + Bo. (18) 


The input reference terminals are at the center of slot 1, 
the output at slot 2. Similar expressions for so. and sa 
may be obtained by interchanging load and generator, 
in which case different values of 8; and B are obtained. 


IV. MEASUREMENTS ON Parrs OF SLOTS 


In order to find experimentally the effect of mutual 
coupling, two types of measurement were made. Inter- 
nal measurement of the scattering matrix of pairs of 
slots was made and the array pattern of pairs of slots 
was measured externally. First, the scattering matrix 
and patterns of a series of single slots were measured at 
9364 mc to provide values of s; and se. The slots were 
exactly one-half-wavelength long (0.630 inch), with 
square ends; the ratio of width to length was 1:10. The 
slots were cut in pieces of waveguide 6 inches long and 
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flat metal ground planes approximately 6 inches square 
were clamped on each side to approximate the infinite 
conducting plane required in the initial assumptions. 
Measurement of the scattering matrix was made using 
a movable-short and Deschamps’ graphical construc- 
tion. Single-slot radiation patterns were also measured 
so that the element pattern could be subtracted from 
the total pattern of the pair of slots, leaving just the 
array pattern which depends only on the relative volt- 
ages in the two slots. 

The results of these single-slot measurements are 
shown in Table II and Fig. 3. 


TABLE II 
RESULTs OF SINGLE-SLOT MEASUREMENTS, HALF-WAVE SLOTS 


~ Slot Position Reflection Coefficient Admittance 
d/a Si Vi 


1/8 or 7/8 (0.339 £0.002)¢i(180.00.2)° 1.029 

2/8 or 6/8 (0.238 +0.002)ei(172.040.5)° 0 .625¢7710.4° 

3/8 or 5/8 (0.074 £0. 002)ei(1s5.442.1° 0.157¢-#37-2° 
O — measured 


——-theoretical 


Fig. 3—Measured and theoretical H-plane patterns 
of a single slot at d/a=3/4. 


The case of quarter-wave spacing was studied in most 
detail, and the following experimental results apply in 
the most part to that case. 

Fig. 4 (next page) shows some typical results for re- 
flection coefficient measurements, comparing calculated 
results with and without inclusion of mutual coupling 
with measured values. It can be seen that the experi- 
mental results agree quite well with the theory and that 
there is in most cases a marked difference between the 


5G. A. Deschamps, “Determination of reflection coefficients and 
insertion loss of a waveguide junction,” J, Appl. Phys., vol. 24, pp. 
1046-1050; August, 1953. 
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two methods of calculation, indicating the effect of mu- 
tual coupling. 

The transmission coefficient showed similar behavior, 
though this coefficient is not as much affected by mutual 
coupling, and the difference is therefore less striking than 
for the reflection coefficient. 

In order to extend the results to the more practical 
case of nonhalf-wave slots, in particular to resonant slots 
approximately one-half-wave in length, a series of 
similar measurements were made for resonant slots. The 
resonant lengths for three slot positions were determined 
experimentally with the results given in Table III. Cal- 
culations were made using values of +» proper for half- 
wavelength slots in order to check the hypothesis that 
<0 varies negligibly with slot length over the range of 
lengths used. Measurements and calculations are shown 
in Fig. 5. The agreement is considered quite good, 
especially in the case of soo. Therefore it is assumed that 
the values of }% calculated for half-wavelength slots 
may be used for calculations involving resonant slots. 

Pattern calculations were also carried out. First the 
measured values of [.S] were used in (18) to calculate B1 
and Bs, then the slot voltages were calculated using 
(10), and finally the array patterns were calculated using 
these voltages. The slot voltages and array patterns 
were also calculated, neglecting mutual coupling, by 
using the measured values of single-slot admittance. 
Pattern measurements were then made, and the meas- 
ured single-slot pattern was subtracted, leaving the 
experimental array patterns to compare with the cal- 
culated ones. Typical results are shown in Figs. 6 and 7, 
pp. 396-397. Fig. 7 is particularly interesting because 
one of the two slots was located on the waveguide cen- 
terline. The theoretical pattern neglecting mutual cou- 
pling is simply the pattern of the single noncentered slot 
since the centered slot does not couple to the dominant 
mode. Both experiment and theory indicate that the 
centered slot actually does have an induced voltage in 
this case. In order to calculate the voltage induced in 
the slot in this case, a limiting process must be applied to 
the previous formulas, since both 6; and {jo go to zero for 
slot i centered. The results are, if slot 1 is on the center- 
line, 


V 
lim — = 7 uo Ye (19) 
di—>a/2 Vo 
where 
Ve 
V/ = lim ree (20) 
di-a/2 Way 
cos? —— 
a 


where Yj, is the slot admittance. Y1’ is evaluated theo- 
retically by Oliner® and we have used his theory, which 


6A. A. Oliner, “The impedance properties of narrow radiating 
slots in the broad face of rectangular waveguide,” IRE TRANS. ON 
ANTENNAS AND PRopAGATION, vol. AP-5, pp. 4-20; January, 1957. 
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TABLE Mbt 
RESULTS OF SINGLE-SLOT MEASUREMENTS, RESONANT SLOTS 
dja Resonant Length Normalized 
(21) Conductance 
1/8 or 7/8 0.630 inch 1.029 
2/8 or 6/8 0.624 inch 0.609 
3/8 or 5/8 0.606 inch OR223 
1. x measured values Ae 
—— theory with mutud! : 
(oy coupling ‘6 
t —-—-theory neglecting ko 
t= 4 mutual coupling 4 os x 
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Fig. 5—Measured values of reflection coefficient, resonant slot-pairs. d:/a=3/4. (a) Su, (b) Si. 


for our values of parameters gives a value 
VY; = 0,890e7*™. 


Figs. 6 and 7 indicate quite clearly the distortion of 
array patterns by mutual coupling for slots spaced one- 
quarter-guide-wavelength. 

Measurements of scattering matrix were also per- 
formed in a few cases with slots spaced one-half-guide- 
wavelength, but the results were somewhat inconclusive 
because the effects noted were at the limit of our meas- 
urement accuracy. 


V. Tue Errect or MutuAL CoupPLinG 
on Low-SIDELOBE ARRAYS 


In order to assess the effect of mutual coupling on 
low-sidelobe arrays, three half-wave spaced resonant 
arrays were designed using a Tchebycheff distribution’ 


7 L. B. Brown and G. A. Scharp, “Tchebycheff Antenna Distribu- 
tion, Beamwidth and Gains,” Navord Rept. 4629; February, 1958. 


and neglecting mutual coupling. Resonant slots were 
used. 


The slot conductances were first calculated from the 
desired slot voltage distribution and the condition for a 
match to the input line. Then the slot displacements 
were calculated from the semi-empirical relation 


(21) 


rd 
1) Cosa — 9 
Yo a 


where the constant 1.22 was determined as a best fit to 
the values on Table III. 

Once the slot displacements were known, the mutual 
coupling coefficient ys could be calculated for each 
pair of slots, and the actual voltages determined. 

A matrix relation similar to (3), 


(22) 


may be written for N slots. If [Ao] and | Vo| represent 
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Fig. 6—Array patterns. (a) d/a:6/8 and 2/8. (b) d/a:6/8 and 3/8. (c) d/a:6/8 and 5/8. (d) d/a:5/8 and 3/8. 
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Fig. 7—Array patterns, one slot centered 


the matrix [A] and [V], neglecting mutual coupling, 
then 


[¢] = [Ao] [Vol (23) 


also, since this equation is equivalent to the equations 
from which the slot array was calculated. Thus 


[Ao] [Vo] = [4]IV]. (24) 
Letting 

[A] = [4o] + [a] 

[V] = [Vo] + [2l, (25) 


and neglecting second-order products because the 
mutual coupling for \,/2 spacing is small, we have 


[Ao][v] = — [a] [Vo]. 


Furthermore, if we include only mutual coupling of 
nearest neighbors, the elements in [a] satisfy 


(26) 


Qnn = 0 unless m=n+ 1. (27) 
Finally, using (5) 
ae Dicralmetol D0 mes ; (28) 
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dias 5/8 


d,/a=4/8 
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15h 
jh 
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—-— - calculatad neglecting mutual 
(b) 


. (a) d/a:4/8 and 6/8. (b) d/a:4/8 and 5/8. 


where ( >>0)m,m41 Means the mutual coupling term ) ‘0 
for the mth and m-+Ist slots. 

Using these relations, the N equations (26) may be 
solved explicitly after some manipulation for the N volt- 
ages v,® and the new array voltages may be calculated. 
TableIV (next page) compares the original voltages, with- 
out mutual coupling and with mutual coupling, for three 
different low-sidelobe arrays. The effect of mutual 
coupling is to increase the magnitudes and introduce a 
slight phase error. The patterns of the three arrays were 
calculated to show the effect of mutual coupling on the 
sidelobe level and are shown in Fig. 8. The first sidelobe 
in each case was somewhat higher than the design level, 
while the other sidelobes were almost unaffected or 
slightly lower. 


VI. CONCLUSIONS 


Mutual coupling between pairs of longitudinal shunt 
slots may be calculated, and its effect on the slot volt- 
ages determined, by means of the theory presented here. 
The effect for slots spaced one-quarter-guide-wave- 
length is significant, altering both impedance and pat- 


8 “Microwave Studies in Variable Index Lenses, Electronic 
Switching, and Effect of Mutual Coupling on Slot Arrays,” Tech. 
Res. Group, Somerville, Mass., Final Rept. on Contract AF19(604)- 
4054, Section IIIC; February 4, 1959. 
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TABLE IV 
ARRAY VOLTAGES 
TCHEBYCHEFF RESONANT SLOT ARRAYS 
N=number of array elements 
S=design side lobe level 
Design Voltages’ Actual Voltages for Resonant Array Including Mutual Coupling 
Nn=20 N=40 N=40 (N=20, S=30) (N=40, S=30) (N =40, S=50) 
S=30 S=30 S=50 Real Imaginary Real Imaginary Real , Imaginary 
Vio 0.100000 0.100000 0.100000 V1 0.1057 —0.00197 0.1028 —0.00107 0.1069 —0.0024j 
V2. |. 0.087706 0.043761 0.104745 v2 0.1019 —0.00467 0.0537 —0.00347 0.1215 —0.00607 
V3o 0.120094 0.052600 0.155383 V3 0.1356 —0.0048; 0.0595 —0.0024; 0.1766 —0.00757 
V4 0.154975 0.062041 0.218193 V4 0.1744 —0.0054; 0.0701 —0.0028) 0.2476 —0.0104; 
V5o 0.190517 0.071988 0.293642 V5 0.2137 —0.00537 0.0813 —0.00317 0.3329 —0.01387 
V6o 0.224646 0.082332 0.381723 V6 0.2511 —0.00477 0.0930 —0.00357 0.4323 —0.01767 
V7 0.255221 0.092946 0.481895 Vi 0.2845 —0.00387 0.1049 —0.00397 0.5453 —0.02177 
V8o 0.280221 0.103695 0.593049 V8 0.3115 —0.0027; 0.1170 —0.00427 0.6705 —0.02597 
V9 0.297934 0.114432 0.713502 v9 0.3306 —0.00187 0.1290 —0.00447 0.8059 —0.03017 
V10o| 0.307117 0.125003 0.841018 v10 0.3404 —0.0012; 0.1408 —0.00477 0.9490 —0.03397 
V11o 0.135254 0.972867 Vil Omis22 —0.0048; 1.0965 —0.03717 
V120 0.145026 1.105904 | V12 0.1631 —0.00507 1.2449 —0.03947 
V13o 0.154167 1.236684 | V13 0.1733 —0.00507 1.3903 —0.04087 
V14o 0.162530 1.361597 vi4 0.1826 —0.00517 1.5279 —0.03937 
V15o 0.169979 1.477010 V1i5 0.1907 —0.00487 1.6546 —0.03697 
V16o 0.176389 1.579432 V16 0.1977 —0.00467 1.7673 —0.03547 
V1i7o 0.181654 1.665661 V17 0.2035 —0.00457 1.8619 —0.03367 
V18 0.185684 1.732936 V18 0.2080 —0.00457 1.9355 —0.03187 
V19o 0.188410 1.779062 V19 0.2110 —0.00447 1.9858 —0.0304;7 
V20o 0.189785 1.802515 Vv20 0.2125 —0.0044;7 2.0114 —0.02967 
Oni. all 
10 
a 
db 
te 
+30 +f 
40 
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Fig. 8—Calculated array patterns. (a) 20-element array, designed for 30-db sidelobes. (b) 40-element array, 
designed for 30-db sidelobes. (c) 40-element array, designed for 50-db sidelobes. 


terns of the slot pairs to a marked degree. The effect for 
half-wave spaced slots is much smaller and shows up 
appreciably only in arrays designed for very low side- 
lobe levels, below 30 db. The effect of errors caused by 
mutual coupling in these cases would probably be 
masked by errors caused by machining tolerances. The 
practice of antenna engineers in neglecting mutual cou- 
pling for this type of slot is, therefore, in general 
justified. 


APPENDIX 


The derivation of the basic equations follows the 
method of Stevenson,! modified to include two slots 
rather than one. Exact integral equations may be set up 
for the fields in the slot. These are reduced to algebraic 
equations using the approximation that the slot length- 
to-width ratio is large. Two simultaneous algebraic 
equations are obtained for the voltages in the slots, the 
coefficients of which are complicated integral expressions 
involving the free space and waveguide Green’s func- 
tions. The details of the derivation may be found ina 
previous article.’ The results for slots of length Ji and 


9 A. F. Kay, “Mutual popane of Shunt Slots in the Broad Face 
of Rectangular Waveguide,” Tech. Res. Group, Somerville, Mass., 
Rept. No. 3 on Contract AF19(604)-1307; May, 1956. 


ly are given with some errors in this first article, but they 
are corrected in a later article.!° The results are as follows: 
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0 A, F. Kay and A. J. Simmons, “Mutual Coupling of Shunt 
Slots in the Broad Face of Rectangular Waveguide,” Tech. Res. 
Group, Somerville, Mass., Final Rept. on Contract AF 19(604)-2453; 


March, 1958. 
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Aa = |o—-h—h|, 
A= |xth—hl, 
A. = |z+h— hl, 
Ae = |e tht+h|, 
Zo = | 2. — 21 | ; 


ee i. if zo < 1, + 12 (slots “overlap”) 
0 if zo > 1, + Js (slots do not “overlap”), 


f= 8? + (u +1 + 20)’, 
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Doe means summation over all combinations of non- 
negative integers m and n except m=n=0 and m=1, 
n=0. 
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These formulas may be considerably simplified for 
half wavelength slots, 1i=/2=/=\/4. In this case it 
has been shown?’ that 


yg 4¢1C2 (= (kA) “he (33) 
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where 


wo! = B(V/8? + 20? — 20), 
aol” = k(/8? + 20? + 20), 
a = (V6 + (20+ a)? — 21 — 20), 
axl = R(/82 + (21 — 20)? — 224+ 2), 
yl = R/S? + (2 F 20)? + 2 + 20), 
yl" = RCV F (QE = a0)? + 21 — 20). 


(37) 


The simplification of the terms P and R is particularly 
important. The series expression for P in (31) is very 
slowly converging, but this may be converted to a 
rapidly converging series only the first term of which is 
included in (35), since it may be shown that in practice 
the error introduced by neglecting the remaining terms 
is less than 0.01 per cent. The integrals occurring in 
equation (36) for R may be expressed in terms of the 
well-tabulated Sine and Cosine Integrals. 

Equations (33) through (36) were used in all the cal- 
culations of +o. It was found that 26 terms of the series 
for N were more than enough for 1 per cent accuracy. 
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A Wide-Band Transverse-Slot Flush-Mounted Array* 
E. M. T. JONES} anv J. K. SHIMIZUt 


Summary—This paper describes the design analysis and meas- 
ured performance of an antenna composed of an H-plane array of 
parallel waveguides having quarter-wavelength-thick transverse 
slots extending completely across the array. Each relatively wide 
nonresonant slot in this array radiates only a small amount of power, 
and the dimensions of the slots are relatively uncritical. The radiated 
H field from this antenna lies parallel to the transverse slots. The 
cosine of the angle between the direction of maximum radiation and 
the plane of the antenna is equal to the velocity of light divided by 
the phase velocity of propagation along the array. 

An experimental antenna was built with a radiating aperture 9 
inches wide and 20 inches long. The antenna was fed from a hog 
horn which yielded an approximately sinusoidal H-plane illumina- 
tion over the 9-inch aperture width. The power coupled from the 
transverse slots was varied along the 20-inch length of the aperture 
to achieve a Taylor aperture distribution with —25-db E-plane side- 
lobes. At the design frequency of 11 kmc, the E-plane and H-plane 
beamwidths were 5.4° and 7.3°, while the E-plane and H-plane first- 
sidelobe levels were —24.7 db and —24.2 db, respectively, in close 
agreement with theoretical expectations. The direction of maximum 
radiation was within 0.35° of the design value at 11 kmc. Good radia- 
tion patterns were obtained with the antenna from 7.0 kmc, which is 
slightly above the cutoff frequency of the guides, to 11.4 kmc, which 
is slightly below the frequency at which spurious lobes are generated 
by the widely-spaced slots. 


INTRODUCTION 
aes PAPER describes the design and measured 


performance of a wide-band flush-mounted an- 
tenna consisting of an H-plane array of wave- 
guides having quarter-wavelength-thick slots extending 
completely across the array.’ A photograph of the ex- 
perimental model of this antenna is shown in Fig. 1. 


~ Fig. 1—Photograph of the experimental antenna. 


* Manuscript received by the PGAP, December 4, 1959; revised 
manuscript received, February 19, 1960. : 
+ Electromagnetics Lab., Stanford Res. Inst., Menlo Park, Calif. 
1R. S. Elliott, “Serrated waveguide—Part I: theory,” IRE 
TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-5, pp. 270-275; 
uly, 1957. : 
J 1K. C. Kelly and R. S. Elliott, “Serrated waveguide—Part II: 
experiment,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
AP-5, pp. 276-283; July, 1957. 
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This antenna radiates a pencil beam whose H field lies 
parallel to the radiating slots. The elevation angle 6o of 
the beam measured from the surface of the antenna is 
related to the velocity of light c and the phase velocity 
v, of propagation along the array by the expression 

C 

cos 0) = —- (1) 

U6 
Because vs changes with frequency, the antenna scans 
in the E plane with frequency. 

The radiating slots in this antenna are made one- 
quarter wavelength thick, so that they will each couple 
only a small amount of power from the waveguides and 
at the same time introduce such a small reactive loading 
that they will not appreciably perturb the phase velocity 
of propagation in the waveguides. The amount of power 
coupled from each slot is proportional to the square of 
its width. Therefore, it is possible to design this antenna 
to have a wide variety of aperture distributions by ap- 
propriately adjusting the various slot widths. 

The technique used to calculate the coupling from the 
slots in this array is an approximate one and hence can- 
not be expected to yield as precisely predictable radia- 
tion patterns as were achieved by Honey,’ who used the 
exact transverse-resonance analysis technique. Never- 
theless, the measured performance of this antenna 
agrees quite closely with the theoretical predictions and 
it is believed that the method of analysis employed here 
may be safely used to design this type of antenna to 
have a wide variety of useful radiation patterns. 


THEORETICAL ANALYSIS OF THE TRANSVERSE- 
SLtot ANTENNA 


In order to design this type of antenna to have a 
specified aperture distribution, and therefore a specified 
radiation pattern, it is necessary to know the amount of 
power coupled out of each slot. In addition, there are 
local nonpropagating fields at both the inside and the 
outside ends of the coupling slots which increase the 
effective electrical thickness of the coupling apertures. 
Therefore, it is necessary to make the physical thickness 
I’ less than one-quarter wavelength so that the effective 
electrical thickness of the slots will be one-quarter wave- 
length. In this paper, the amount of power coupled from 
each slot is determined by the approximate solution of 
the boundary value problem. The increase in electrical 
thickness of the coupling slots is determined approxi- 


3R. C. Honey, “A flush-mounted leaky-wave antenna with pre- 
dictable patterns,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 
vol. AP-7, pp. 320-329; October, 1959. 
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mately using appropriate equivalent circuits in the 
“Waveguide Handbook.” 

In the theoretical analysis, it is assumed that the 
radiating surface of the antenna has infinite width and 
length, and that the width 6’ of the coupling slots does 
not vary in the direction of propagation. The results so 
obtained should be quite accurate for antennas whose 
width and length are on the order of 8 wavelengths or 
more, and for antennas whose slot widths do not change 
too rapidly along the array. 

The amount of power coupled from each slot is deter- 
mined in the following manner (the notation is illus- 
trated in Fig. 2): waves propagating down each of the 
waveguides in the arrays will have transverse magnetic 
fields of the form 

xx 


H.(x) = Hzsin— - (2) 
a 

The dominant TEM mode will propagate in each of the 
slots. Thus the magnetic field H.’ at the inside edge of 
the coupling slot is constant with x. If one assumes that 
very little power is coupled from the waveguides by each 
coupling slot, it is seen that the average value of the 
waveguide transverse magnetic field, averaged over the 
distance a+, must be equal to Hz’ at the inside edge of 
the coupling slot. Therefore 

u a 

HH, = — He 

x ati 
The dominant mode electric field E,’ at the outside edge 
of the coupling slot, one-quarter wavelength removed 
from the inside edge, is (in mks units) 


E/ =7 H 


(3) 


(4) 


where 7 =377 ohms is the impedance of free space. 


4 
4 
SECTION 4-A 


CASES EE SES SS SESS RESUS SE 


SECTION B-B 
Fig. 2—Sketch illustrating the notation used 


in the analysis. 


*N. Marcuvitz, “Waveguide Handbook,” McGraw-Hil z 
Co., Inc., New York, N. Y.; 1951. eas 
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Maximum radiation from the array occurs at the 
angle @, defined by (1). Because the amount of power 
radiated from each slot is small, it is permissible to as- 


sume that each aperture radiates into a hypothetical — 


tube of infinite width in the x direction and of height s 


sin 6). The strength of the electric field Z” in this tube 
is determined by the condition that the voltage across 


the radiating aperture E’b’ is equal to the voltage 
E’’s sin @) across the tube. Therefore 


E,'b’ Wag 


Ss sin @ 


BE" = () 


The peak power P radiated into one of the tubes of 
width (@+4#) is 


4 i2 


P = — (a+ ds sin 4. (6) 
n 
Substituting (3)—(5) into (6), one finds that 
4a°b"*H? 
os (7) 


: w(a + ds sin % 


The peak power Po transmitted along one of the wave- 
guides in the array is 


peer Ay abHs* (8) 
a 2 
Thus it is seen that 
Pe Me ok ab’? 
(9) 


Bonin (a + dbs sin 8) 


The neper attenuation a, of a wave in the feeding wave- 
guides along a distance s is, by definition, equal to 
P/2P. 

Therefore we have, finally, 


a, = — — ——______ - 


10 
mw? Ay (a + Abs sin A can) 


The effect of the local fields at either end of a coupling 
slot is conveniently represented by lumped susceptances 
located at the inside and outside edges of the slot. The 
local fields on the outside of a slot are similar to those 


existing on one side of an infinite grating of capacitive 


strips. Therefore, the equivalent lumped susceptance at 
the outer edge of the aperture is approximately equal to 
one-half the equivalent susceptance Bo of the capacitive 
grating. The expression for this susceptance is® 


By +20 2s 
=> — ln — (11) 


where Y)’ is the characteristic admittance of the TEM 
transmission line forming the thick slot. 


5 Ibid., p. 280. 
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The local fields existing at the inside edge of a cou- 
pling slot are similar to those of a waveguide E-plane 
T-junction. The expression for this susceptance B; is® 


Be «2b! b 
== (1 => In ). (12) 
26 


Y,’ r 

Now B;<Y>’, Bo Yo’, and Y,’ is much greater than 
the characteristic admittance of either the array wave- 
guides or free space. Therefore, the electrical behavior 
of aslot of length J’ with normalized susceptances Bo/ Yo’ 
and B;,/Y,’' at the outside and inside ends is essentially 
the same as that of a line without end susceptances that 
has a length l’-+/)+/;. The values of J) and /; are 


ads ie (13) 
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TERMINATION 
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I’ +6 = 0,622 All dimensions in inches 
n y b, n Gaze aR u b, ne 
1 : 0.400 al 0.149 PS ssi 0.444 
2 0.400 22 0.154 0.178 0.444 
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4 0.404 24 0,163 0.177 0.445 
5 0.407 25 |. 0.165 0.177 0.445 
6 0.410 26 0.167 0.177 0.445 
7 0.413 27 0.168 0,177 0.445 
8 0.417 28 0.166 0.177 0.445 
9 0.421 29 0.164 0.177 0.445 
10 0.424 30 0.159 0.177 0.445 
n 0.427 31 | 0.153 0.178 0.444 
12 0.430 32 | 0.146 0.178 0.444 
13 0.433 33 | 0.138 0.179 0,443 
14 0.435 34 | 0.131 0,181 0.441 
15 0.437 35 | 0.124 0.182 0.440 
16 0.438 36 | 0.119 0.183 0,439 
17 0.440 37 0.116 0.184 0.438 
18 0.441 38 0.117 0.184 0.438 
19 0.443 39 -- 0.184 | =~ 
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Fig. 4—Dimensioned drawing of the hog-horn feed. 


8 Ibid., p. 337. 
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and 


b’ 
l; — “(1 + In 


T 


: 14 
=): (14) 


Therefore, in order that the slots be electrically one- 
quarter wavelength thick, their actual thickness must be 


d b’ 2s b 
y=—-—(1+in + In ) 


: 15 
4 7 ab’ Pais oe) 


DESIGN AND MEASURED PERFORMANCE 
OF THE ANTENNA 


A photograph of the experimental antenna is shown 
in Fig. 1. A dimensioned drawing of the antenna is 
shown in Fig. 3. and a dimensioned drawing of the hog- 
horn feed is shown in Fig. 4. The bottom and two side 
walls of each of the nine waveguides in the array were 
formed by machining channels in a bronze casting. The 
top walls of the waveguides containing the thick radi- 
ating apertures were formed by placing transversely 
oriented thick brass strips across the channels. Good 
electrical contact was obtained between these strips and 
the side walls of the channels by attaching them with 
screws and placing Dupont silver paint No. 4922 at the 
points of contact. The hog horn was fabricated from 
Alcoa aluminum tool and jig plate. 

Fig. 5 is a photograph showing the tapered, 200-ohm- 
per-square, resistive card loads used to terminate each 
of the waveguides in the array. 

The spacing between slots of the experimental an- 
tenna was chosen to be 0.536 inch or one-half of a free- 
space wavelength at the design operation frequency of 


Fig. 5—Photograph of resistive terminations 
for the array waveguide. 
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11 kmc. The design elevation angle of the beam above 
the ground plane is 36.6° at 11 kmc so that no second- 
order lobes can be generated. The width of the slots was 
varied along the length of the array so that the amount 
of power radiated from each slot was different. The ex- 
citation of the slots was chosen to yield a far-field pat- 
tern with very nearly the narrowest possible beamwidth 
for a given maximum sidelobe level of —25 db. The 
procedure for designing such arrays is described by 
Taylor.” The specified radiation pattern is given by 


ur 
7 2 co 2, a Ne 
F(x) = sin ru Il [A2+ “ >) i (16) 
TU m=1 U 
ae 


where 


u=21/d (cos @—cos 60), 

21/=full length of the line source, 

@ =angle of radiation measured from the plane of the 
aperture, 


§)=angle of maximum radiation measured from the 


plane of the aperture, 
A?=1.29177, since cosh A is the inverse of the sidelobe 
voltage ratio and is equal to 17.7828, and 
o?=1.19336, a parameter given by Taylor for these 
requirements. 


A plot of the theoretical radiation pattern of the an- 
tenna mounted in an infinite ground plane is shown in 
Fig. 6, together with the experimental pattern which 
was measured in a finite ground plane. The differences 
between the theoretical and experimental patterns are 
minor, thus verifying the design procedure. For exam- 
ple, the theoretical half-power beamwidth is 5.5° while 
the measured value is 5.4°. Similarly, the measured 
first-sidelobe level is —24.7 db while the theoretical 
value is —25.5 db. In the plane of the radiating aperture 
(6 =0), the measured pattern is lower than the theoreti- 
cal pattern, as expected, since at the horizon the pattern 
of a vertically-polarized antenna such as this one 
mounted in a finite horizontal ground plane is theoreti- 
cally 6 db lower than the pattern of one mounted in an 
infinite plane. The sidelobes at elevation angles greater 
than 90° (which are shown in Fig. 9), corresponding to 
radiation back toward the feed, are probably caused by 
backward-traveling waves within the antenna reflected 
from the last slot. However, these lobes are below the 
unity gain level and should not be troublesome in prac- 
tice. Comparison of the two patterns also reveals that 
there is probably a slight amount of phase error along 
the radiating aperture since there is a shoulder in the 
experimental pattern at the angular position of one of 
the first sidelobes of the theoretical pattern. 


_.1T. T. Taylor, “Design of line-source antennas for narrow beam- 
width and low side lobes,” IRE TRANs. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-3, pp. 16-28; January, 1955. 
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Fig. 6—Theoretical and experimental antenna 
radiation patterns. 
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Fig. 7—Theoretical antenna aperture distribution. 


The aperture distribution (normalized to a maximum 
value of unity) required to produce the theoretical radi- 
ation pattern is given by 


TZ 2rz 
1 + 0.4646 2 — 0.0210 cos — 


17 
1.4436 (17) 


where z is zero at the center of the aperture. A plot of 
this aperture distribution is shown in Fig. 7. 

For an end-fed linear array the aperture distribution 
is related to the attenuation per slot sa(z) along the ar- 
ray and is given by the following expression: 


(= 

i : 

9) 1 +1 we z at 
Ss ae eho 
leh )e i e(S)ae 


neper per slot 


sa(z) = 


(18) 


where & is the variable of integration along the aperture, 
and F is the fraction of the input power that is radiated 
by the antenna. For the experimental antenna, F=0.90 
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Fig. 8—Plot of 2/a(z) along the aperture. 


was chosen. A plot of 2/a(z) which is easily obtained 
from (18) is shown in Fig. 8. 

An initial design for the antenna was made, using 
(10), (15),8 and (18), with } held fixed at the value of 
0.400 inch. Near the center of the radiating aperture, /’ 
is substantially less than one-quarter wavelength. 
Therefore this design requires that if the outer surface 
of the antenna is to be flat, the bottom surfaces of the 
feeding waveguides must be curved. 

Because it would be very difficult to curve the bottom 
surfaces of the waveguides, the b’ values of the initial 
design were modified so that the distance from the bot- 
tom surface of each waveguide to the outer surface of 
the antenna was constant (i.e., b+//=constant). The 
dimensions so obtained are shown in Fig. 3. 

The measured £-plane radiation patterns of this 
antenna are shown in Fig. 9 at frequencies of 7, 8, 9, 10, 
11, and 11.5 kmc. Patterns measured at 7.5, 8.5, 9.5, and 
10.5 kmc, but not shown, are similar. From 7 to 11.5 
kmc, the patterns show sidelobe levels that are nearly 
the same as those obtained at the design frequency. At 
12 kmc, the measured pattern (not shown) is distorted 
because the slots are spaced on 0.545-wavelength cen- 
ters, which is a great enough separation to allow them 
to generate spurious beams. 

Fig. 10 shows a plot of the measured E-plane beam 
elevation angle compared with the angle predicted by 
(1) under the assumption that the phase velocity of 
propagation along the array is the same as that along 
an unloaded waveguide of the same width, a. At 11 kmce, 
the difference between the theoretical and experimental 
beam angles is only 0.35°. Surprisingly, inspection of the 
figure shows that even at frequencies far removed from 


8-Actually, the values of J’ were determined from the formula 


/ 2 b 
2 Ait (1 +06, +In55) 
4 T T 


which differs from (15) by a maximum of 9 per cent for the largest 
values of b’. However, it is believed that ( 15) is the more accurate ex- 
pression and should be used in future designs. 
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Fig. 10—Measured E-plane beam elevation angle 
compared with theoretical. 
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the design frequency, the beam elevation angle is very 
close to the theoretical value. Thus it appears that the 
actual thickness of the radiating slots is not a very criti- 
cal dimension. 

The E-plane 3-db beamwidth of the antenna is shown 
in Fig. 11 as a function of frequency. If the E-plane 
beam elevation angle were that given by the theoretical 
curve in Fig. 10, the ratio of projected aperture to wave- 
length would be constant. If, in addition, the aperture 
distribution were independent of frequency, the E-plane 
beamwidth would be independent of frequency. The 
constancy of E-plane beamwidth shown in Fig. 11 indi- 
cates that these two conditions are nearly satisfied in 
this antenna. 

Fig. 12 shows the measured H-plane patterns of the 
antenna for the frequencies 7, 8, 9, 10, 11, and 11.5 kme. 
Shown for comparison is the H-plane pattern of the hog 
horn alone measured at 11 kmc. The measured first- 
sidelobe level of —21.0 db is consistent with the ap- 
proximately sinusoidal aperture distribution of the hog 


horn. The variation in the shape and beamwidth of the 


H-plane patterns of the array is presumably due to 
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Fig. 11—E-plane beamwidth vs frequency. 
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July 


phase errors in the H-plane aperture illumination caused 
by multiple reflections set up in the hog horn between 
the parabolic reflecting surface and the ends of wave- 
guides in the array. 

The gain of the array, relative to an isotropic antenna, 
as a function of frequency is shown in Fig. 13. From 
about 8 kmc to 11.5 kmc, the gain of the antenna in- 
creases slightly because the H-plane beamwidth of the 
antenna decreases. Below 8 kmce, the San drops 
sharply. 

The VSWR of this antenna (shown in BE 14) is 
measured at the input to the throat of the hog horn, and 
is due primarily to reflections at the junction between 
the hog horn and the array waveguides. Shown for com- 
parison is the approximate theoretical VSWR, which is 
the ratio of guide wavelength in the array waveguides 


to free-space wavelength. 


The measured fraction F of the power radiated di- 
vided by the power transmitted down the guides. is 
shown in Fig. 15. F was determined from the measured 
insertion loss, L, of the central waveguide of the array 
by means of the relation 
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Fig. 13—Measured gain vs frequency. 
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Fig. 15—Measured fraction F of the available 
power radiated by the antenna, 
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The insertion loss was measured as the ratio of the 
power received by a matched detector placed on the 
central waveguide of an array of nine waveguides with 
no radiating slots and the same length as the slotted 
array when fed by the hog horn, to the power received 
by the same matched detector placed at the end of the 
central waveguide of the array, with its matched load 
removed, and also connected to the hog horn. At the 
design frequency of 11 kmc, the measured insertion loss 
of the array was 15.3 db, corresponding to an F value of 
0.97, which is 7 per cent higher than the theoretical F 
value of 0.90. Thus, the experimental antenna radiated 
7 per cent more power than expected, which increases 
its gain by about 0.33 db. Some idea of the magnitude 
of the increase in power coupling from each slot in the 
antenna to cause it to radiate this increased power can 
be obtained by considering a hypothetical antenna with 
uniform-width slots designed to have an F value of 0.90. 
If this antenna were found to have a measured F value 
of 0.97, it would mean that each slot radiated 1.54 db 
more power than desired. Because the theoretical analy- 
sis presented here is most accurate for narrow slots, it 
is likely that the power radiated by the narrow slots in 
the experimental antenna is almost that predicted by 
the theory, while the power radiated by the wide slots 
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is at least 1.54 db greater than predicted by theory. 
Thus it appears likely that the actual aperture distri- 
bution of the experimental antenna is asymmetrical and 
has an amplitude at the load end of the antenna a few dec- 
ibels higher than at the feed end. Honey® has shown that 
if one takes an aperture distribution yielding a Taylor 
radiation pattern with —35-db sidelobes, and super- 
imposes on the aperture distribution a 10-db exponential 
taper, the altered radiation pattern will have only a 1 
per cent wider beamwidth and -—34-db sidelobes. 
Therefore, it is not surprising that the slight asymmetry 
in the aperture distribution of the antenna described 
here has very little effect on the radiation pattern. 


CONCLUSION 


The measured performance of the wide-band, trans- 
verse-slot, flush-mounted, antenna array agrees well in 
all essential points with the theoretical analysis. There- 
fore, it is believed that the analysis presented here may 
be safely used to design this type of antenna to have a 
wide variety of pattern shapes for various applications. 


9R. C. Honey, L. A. Robinson, and J. K. Shimizu, “Antenna De. 
sign Parameters,” Stanford Res. Inst., Menlo Park, Calif., Quart- 
Progr. Rept. 9, SRI Proj. 1954, Contract DA 36-039 SC-73106; 
March, 1959. 


Relation Between a Class of I'wo-Dimensional and Three- 
Dimensional Diffraction Problems* 


L. B. FELSEN{ anv S. N. KARPT 


Summary—By means of a certain transformation, a relationship 
is demonstrated between a class of two-dimensional and three- 
dimensional scalar or electromagnetic diffraction problems. The 
basic three-dimensional configuration consists of a perfectly reflect- 
ing half plane excited by a ring source centered about the edge and 
having a variation exp (+i¢/2), where ¢ is the azimuthal variable; 
in addition, a perfectly reflecting rotationally symmetric obstacle 
whose surface is defined by f(e, z)=0(p, z are cylindrical coordinates) 

_may be superposed about the edge (z axis). This problem is shown 
to be simply related to the two-dimensional problem for the line 
source excited configuration f(y, z)=0, where y and z are Cartesian 
coordinates. Various special obstacle configurations are treated in 
detail. 


* Manuscript received by the acme May 25, 1959; revised 
ipt received, December 22, 1959. 
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For the general case of arbitrary electromagnetic excitation, the 
above-mentioned transformation is used to construct the solution 
for the diffraction by a perfectly conducting half plane from the 
knowledge of appropriate scalar solutions, namely those which obey 
the same equations and boundary conditions, and have the same ex- 
citations, as the Cartesian components of the electromagnetic field. 


INTRODUCTION 


HIS paper deals with the relationship between a 
CT speci class of two-dimensional and _ three- 

dimensional diffraction problems. The basic three- 
dimensional configuration consists of a perfectly reflect- 
ing half plane excited by a ring source centered at the 
edge of the plane, with the plane of the loop oriented 
perpendicular to the edge, as shown in Fig. 1(a); the 
strength of the source, either scalar or electromagnetic, 
varies as sin (¢/2) or cos (#/2), where ¢ is the azimuthal 
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Infinite Plane 
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Fig. 1—Basic equivalent configurations: (a) three- 
dimensional and (b) two-dimensional. 


angular variable. Via the transformation to be described 
below, the cylindrical coordinate p=, sin @ in Fig. 1(a) 
transforms into the y coordinate in Fig. 1(b), while the 
Z coordinate is preserved (the x coordinate does not 
occur in the two-dimensional problem). The three- 
dimensional configuration in Fig. 1(a) is thereby trans- 
formed into the two-dimensional one in Fig. 1(b) con- 
sisting of a uniform line-source parallel to a perfectly 
reflecting infinite plane. It is evident that any surface 
with rotational symmetry about the Z axis of Fig. 1(a), 
and described by the equation f(p, Z) =0, is mapped by 
this transformation into the two-dimensional configura- 
tion f(y, Z) =0 in the presence of the infinite plane at 
y=0. Some special structures in this category are listed 
in Fig. 2. We shall show how we can generate solutions 
for such ring-source-excited three-dimensional configu- 
rations involving an infinite half plane, from the knowl- 
edge of the two-dimensional results. 

As a further application, it will be shown how the 
above-mentioned transformation can be employed to 
construct the electromagnetic field caused by an arbi- 
trary source distribution in the presence of a perfectly 
conducting half-plane. The construction is carried out 
explicitly in terms of the solutions of the corresponding 
scalar Dirichlet and Neumann problems. The problem 
has been solved previously by Heins,! Senior,? and 
Vandakuroy’ for various dipole excitations through the 
use of methods which differ from each other and from 
the present one. The procedure we employ exhibits ex- 
plicitly the modifications necessary in order to convert 
the scalar solutions into vector solutions. Thus, we start 
with the scalar wave functions corresponding to excita- 
tions which are Cartesian components of the arbitrarily 
prescribed vector excitation and which are assumed to 
be known. The vector solution is then constructed from 
these scalar solutions. 


1A. E. Heins, “The excitation of a perfectly conducting half-plane 
by a dipole field.” IRE Trans. on ANTENNAS AND PROPAGATION, 
vol. AP-4, pp. 294-296; July, 1956. 

2 T, B, A. Senior, “The diffraction of a dipole field by a perfectly 
conducting half-plane,” Quart. Mech. and Appl. Math., vol. 6, pp. 
101-114; 1953. 

§Yu. V. Vandakurov, “Diffraction by a perfectly conducting 
half-plane of electromagnetic waves emitted by an arbitrarily oriented 
electric and magnetic dipole,” (Translated by M. D. Friedman, 
AFCRC, Bedford, Mass.) J. Exp. Theoret. Phys., USSR, vol. 26, 
pp. 3-18. Tech. Translation No. 1; 1954. 


(a) Sphere and cylinder. 


y 


Radial 


fe <> 


(e) Infinite coaxial cylinders and infinite parallel planes. 
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(f) Array of disks and array of strips. 


Fig. 2—Equivalent configurations: left column—three-dimensional; 
right column—two-dimensional. 


RELATION BETWEEN THREE- AND Two- 
DIMENSIONAL PROBLEMS 


Scalar Problems 

We define the even and odd Green’s functions 
G.(r; 7’, 8’) and Go(r; 7’, 6’) appropriate to the ring- 
source-excited half plane in Fig. 1(a) as 


ee = ($'/2) 


Geolese , 0) sin vf 
sin (¢’/2) 


0 


sale ee 


r= (r, 0, ¢), (1) 


where G.(r, r’) and Go(r, r’) are the three-dimensional 
Green’s functions satisfying the inhomogeneous wave 
equation 
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ears i) Ge,o(t, 2’) 
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r'? sin 0! 


(2a) 
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(2b) 
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in the domain 0<r<o, 0<0<7, 0<¢<27, with the 
boundary conditions on the half plane 


tikes 0, Go=0, at =O, 2n, (3a) 
dg 
the edge condition* 
G.,o finite atp = rsind—0, (3b) 
and also the 
radiation condition at r— ». (3c) 


One notes from (1) that G, and Gp are excited by ring 
sources with cos (/2) and sin (¢/2) variation, respec- 
tively. Since the sets of functions w.(¢) =cos (no/2), 
n=0, 1, 2,---, and wo() =sin (n@/2), n=1, 2,--°, 
each constitute a complete orthogonal set in the angular 
domain 0<@<27 subject to the boundary conditions 
dw./dp=0, wo=0 at @=0, 27, these sources generate 
fields which vary everywhere as cos (¢/2) and sin (¢/2), 


respectively. It follows that we may represent G,,» as 


cos (¢/2) 
sin (¢/2) 


where G Biles the following equation in view of (1), 
(2a) and (4): © 


ee 58) cue! 
¢ 4r? sin? 0 : 
d(r — 1’)6(6 — 8) 


= - (5) 
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with boundary conditions as in (3b) and (3c). 
We'now introduce the transformation 


=F 

Gio.) = 4/— Glee’, p=rsin, 0Xe<@ 
p 

into (5), and find that G satisfies 


1-0 0 tena: as 
(— —r—+— —+ i) G(o, 0’) 

r or or r? 06? 

5(r — r)5(0 — 6’) 
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(7a) 


4 J. Meixner, “Die Kantenbedingung in der Theorie der Beugung 
Elektromagnetisher Wellen an Vollkommen Leitenden Ebenen 
Schirmen,” Ann. der Phys., Series 6, vol. 6, pp. 2-9; 1949. See also 
Z. Naturforsch, vol. 3a, p. 506; 1948. 
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If ry and @ in (7a) are interpreted as cylindrical coordi- 
nates in a Cartesian (y, 2) space where 


y=rsin 6, 0<y< x, 


z= 70s 8, 10. <sr zn <emreon, (7b) 
then one notes that (7a), together with the boundary 
conditions in (8) below, represents exactly the formula- 
tion for the two-dimensional Green’s-function problem 
in Fig. 1(b). This establishes the desired relationship 
between the ring-source-excited three-dimensional prob- 
lem and the line-source-excited two-dimensional prob- 
lem. To avoid confusion between the spherical and 
cylindrical coordinate interpretations of r and @ in (5) 
and 7(a), respectively, we shall henceforth employ the 
rectangular (y, 2) coordinate notation for the equivalent 
two-dimensional problem [see Fig. 1(b)]. Concerning 
the boundary conditions on G in (7a), we impose the 
radiation condition at infinity, as before; and on the 
infinite plane at y=0, we require in view of (3b), (6), 


and (7b), 


G=0 at y=0. (8) 


Since this implies that Gxy as y—0, it follows that 
G«4/p as p—0, in conformity with the familiar edge 
requirement.* 

The basic transformation employed above can also be 
expressed as the following theorem and its converse 


_which are verifiable by direct calculation. 


Theorem: If 


X=rsinécos¢; Y=rsinésing; Z=rcosé; (9a) 


p=y=rsin6; Z=2z=rcos8, 
07u 

+ —-+ ka = 0; 
02? 


07n 


Op” 


1 
U(X, Y, Z) = —=exp (+i¢/2) Ho, 2), 
Vp 


then 


0? 0? 0 
be +) U0, YZ = 0S (9b) 
Ge oi oY? JZ ( ) ( 
Conversely, if (9b) is true, and 
1 
U(X, Me Z) = — = exp (+if/2)u(p, Z), 
Vp 


then a@,,+é%..+k'u=0. 

If the configuration also includes a surface of revolu- 
tion S defined by f(p, Z) =0, all previous considerations 
apply except that, in addition, the boundary conditions 
on S must be taken into account. Since the surface S is 
independent of the ¢ coordinate, the boundary condi- 
tions need be imposed only on G(p, 2; p’, Z') along the 
curve f(p, Z) =0. Let us assume the linear homogeneous 
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boundary condition 


0G 
G=a— 
on 


on S, a = constant, (10) 
where v is the direction of the normal into S. Then the 


condition on G is found via (6) as 


ead Ce) 1 e/ONNG) ae = 
G=al--—(2)|a 5, 
on 2y \On 


where 5S is the curve f(y, 2) =0 and 7 the direction of 
the normal into S. One notes from (10) and (11) that 
Gye @? (0), 


(11) 


G=0 on S if .G’=.070n.5, (12a) 
while for a= ™, 
Oe 1s / OY NG, ea 5G 
~ = —(2)G on Benes 0 on 3S; (12b) 
on 2y\dn On 


Thus, a Dirichlet condition (a=0) on S always implies 
the same condition on S, whereas a Neumann condition 
(a=) on S leads generally to a mixed boundary con- 
dition on S, unless the obstacles are confined completely 
to the planes z=constant, in which case (dy/d%) 
= + (dy/dz) =0. 

We have therefore shown how the solutions for any 
two-dimensional Dirichlet-type diffraction problem can 
be taken over to yield the solution for a corresponding 
three-dimensional Dirichlet problem with an azimuthal 
field variation as in (4). Typical examples for which 
exact two-dimensional solutions are known include the 
cylinder [Fig. 2(a)], the wedge [Fig. 2(b)],° the slit 
[Fig. 2(c), with b> |, the semi-infinite parallel-plane 
region |Fig. 2(d) | and the infinite parallel-plane region 
|Fig. 2(e) |. Approximate solutions are available for the 
infinite array of strips [Fig. 2(f)], and others. The cor- 
responding three-dimensional Dirichlet problems solved 
thereby via (4) and (6) are also shown in Fig. 2. Con- 
cerning the Neumann-type boundary condition, solu- 
tions for the two-dimensional problems in Figs. 2(c) and 
2(f) imply those for the corresponding three-dimensional 
case, as noted above. Moreover, for the configurations 
in Figs. 2(d) and 2(e), a Neumann condition on the 
cylindrical surfaces implies an impedance-type boundary 
condition on the corresponding two-dimensional plane 
surface since on a plane y=constant, (1/y)(dy/02) is 
equal to a constant. This solution is known for the in- 
finite parallel-plane case. Similarly, the Neumann con- 
dition 0G/dr=0 at r=a appropriate to a sphere of 
radius a has for its two-dimensional equivalent the 
known solution for a cylinder with (0G/d/) = (1/2a)G, 
while that for a cone, 0G/06=0 at 6=6), leads to 


5 For a detailed discussion of the relationship between the two- 
dimensional wedge problem and the corresponding three-dimensional 
cone problem, see L. B. Felsen, “Radiation from Source Distribu- 
tions on Cones and Wedges,” Microwave Res. Inst., Polytechnic 
Inst. of Brooklyn, Brooklyn, N. Y., Rept. No. R-574-57, pp. 4-16; 
May, 1957. 
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a simple two-dimensional wedge problem 


dG/40 = (1/2) (cot 00)G.° 


Electromagnetic Problems 


Now we show how the fields radiated in the presence 
of a perfectly conducting half plane by electromagnetic 
ring-source distributions with variations cos (¢/2) or 
sin ($/2) can be inferred from the solution for a scalar 
line source in the presence of an infinite plane. The 
latter solution can, of course, be expresséd-simply in 
terms of the free space result plus its image. Several 
other boundary value problems are also discussed. 

Longitudinal Electric Currents: The configuration is 
shown in Fig. 3. A source variation sin (#/2) is assumed 


4 


Fig. 3—Ring of longitudinal current elements, 


since a tangential electric source current element of 
finite strength cannot exist on a perfectly conducting 
sheet. The vector electric field E(r; 7’, 6’) and magnetic 
field 3(r; r’, 6’) radiated by this distribution of currents 
of unit strength are given in terms of the Hertzian 
vector Z9Go by 


I 


Fé 
E(r; 7’, 8) — - Voc Vex [zoGo(r;7’, 6’) |, 


4 


3e(r; 17’, 8’) = VX [zvGo(r; 7’, 6)], (13) 


where Z is the characteristic impedance of free space 
and Zp is a unit vector along the z direction. A time de- 
pendence exp (—iw#) is implied. Since Gp as given in (4) 
can be related to the two-dimensional problem in Fig. 
1(b) via (6), (7a) and (8), we can write the solution as 


nee : 
Cinsr, 0’) ie an Vp'V Vik E ee) G(e, 0) |, 
ik Vp 
p= risin 6; (14a) 
Go, o) = = [HM RVO— PP + = 29 
= Ha (ha/ (pi p')? (a= 8) a as 


°L. B. Felsen, “Field Solutions for a Class of Corrugated Wedge 
and Cone Surfaces,” Microwave Res. Inst., Polytechnic Inst. of 
Brooklyn, Brooklyn, N. Y., Electronics Group Memo. 32; July, 1957. 
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and similarly for #. H)“(w) in (14b) is the Hankel 
function of the first kind of order zero and argument w. 
The electric field components along the p, ¢, 2 direc- 


_ tions are given from (13) by 


pyeeeeces 2 Gs Beth Sone: 
tk O20p tRkp 020 
Cpe =(= + #) Go, (15) 
ik \d2? 


so that one verifies that & and &, vanish on the half 
plane as required. Since G«p as p—0 one obtains the 
proper edge behavior,* 


& « pl? sin (6/2), 8 « p-*/* cos (4/2), 
&, « p'? sin (4/2), (16) 
and analogously for 3, and KH,. [Note: 5¢.=0 from 


(13).] 

It is noted from (15) that if Go vanishes on the cylin- 
drical surfaces p=a, b, then & and 8, likewise vanish. 
Thus, by inserting for G in (14a) the Dirichlet parallel- 
plane Green’s function [see Fig. 2(e) ], we can construct 


the electromagnetic solution for the ring-source-excited 


perfectly conducting coaxial-waveguide region whose 
center conductor is supported by a radial fin. The limit- 
ing cases a—0 or b— ~ are also admitted. By employing 
the parallel-plane eigensolutions we may also determine 
those E-mode functions in the coaxial waveguide whose 
§, component has an azimuthal variation sin (¢/2) (only 
the E modes are excited by the present source distribu- 
tion since 5¢,=0 as noted above) ; the cutoff wavelengths 
for these modes are identical with those for E modes in 
the parallel-plane waveguide. 

Longitudinal Magnetic Currents: The physical con- 
figuration is as in Fig. 3, where the source distribution 
is now taken as a ring of unit strength magnetic currents 
with variation cos (#/2). From considerations dual to 
those in the preceding section, we write down the mag- 
netic vector field # for this case as 


ait ay 
K(r;7', 0’) = — 2 vet may x E —— G(e, “| 
ey (17) 
Uae 


where G is given in (14b). The corresponding expression 
for the electric field € has a form dual to that given for 
% in (13). 

For the perfectly conducting coaxial waveguide with 
the radial fin [Fig. 2(e) |, it is required that 0G,/dp =0-at 
p=a,b [compare (15), with &, Z, Go replaced by &, Y, 
G; ‘respectively |. The corresponding parallel-plane 
problem, therefore, is one for which the impedance 
boundary condition [compare (12b) | 


aG here 
= F+—Gat y=a,b 


ae (18) 
oy 2y 
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applies. By employing the parallel-plane eigensolutions 
satisfying (18), we can construct via (17) those H-mode 
functions whose 3¢, field component varies like cos (¢/2) 
in the coaxial waveguide with the radial fin. Again, the 
cutoff wavelengths for these modes in the coaxial guide 
are identical with those for the H modes in the parallel- 
plate guide with the impedance-type boundary condi- 
tions (18). 

Radial Electric Currents: The physical configuration 
for a ring of electric currents of unit strength directed 
radially with respect to some arbitrarily chosen origin 
along the edge of the half plane and varying like sin (6/2) 
is shown in Fig. 4. The electric and magnetic fields re- 


Fig. 4—Ring of radial current elements. 


sulting from this current distribution are given in terms 
of a radial Debye potential function rGo by 


Tb r 
E(r;7',0) =— es VX E G(r; 1’, "|, 
1 r 


H(r;7', 0’) = VX E Go(r; 1’; | (19) 
r 

where r=ro7, ro is the radial unit vector; and where Go 
is related to G in (14b) via (4) and (6) by Go=~/p'/p 
sin (6/2)G(9, 0’): 

One finds from (19) that the 7, 8, ¢-components of 
the electric field depend on Go in (4) in the following 
manner: 


1 oO 0 it Ge 
& % & — rr? — + #) Go, 2 6p Go; 
r2 or or r orod 


1 oe 


Ge Meee (20) 
rsin@ drop 
It is verified readily that the edge conditions (16) are 
satisfied as p—0. Furthermore, one notes that if Go, and 
therefore G, vanishes on the conical boundary @=con- 
stant, then 6 and &% likewise vanish. Thus, (19) re- 
mains valid when a perfectly conducting cone is super- 
posed on the edge, with apex at the origin, as in Fig. 
2(b), provided that one inserts for G the corresponding 
two-dimensional Dirichlet solution for the wedge. 

If a perfectly conducting sphere with radius @ and 
centered at the origin is superposed onto the half plane 


ee ee 
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[Fig. 2(a) |, one notes from (20) that the required bound- 
ary conditions are met if 0G/dr=0 at r=a. The corre- 
sponding boundary condition on the cylinder in the 
equivalent two-dimensional problem is given, as before, 
by 0G/0% = (1/2a)G, leading again to a known boundary 
value problem. 

Radial Magnetic Currents: The magnetic field radiated 
by a ring source of unit strength radial magnetic current 
elements as in Fig. 4 is obtained from an expression dual 
to that in (19) [a cos (@/2) source variation is assumed |: 


5e(r3 7’, 0’) 
_ Uve 


thr’ 


vx Vx Paes Glo, 0 | (21) 


with G given in (14b). The corresponding expression for 
€ has a form dual to that for # in (19). 

If a perfectly conducting sphere with radius a is 
centered at the origin as in Fig. 2(a), the required bound- 
ary conditions on & in (21) are satisfied if G=0 at r=a, 
leading to the equivalent two-dimensional Dirichlet 


problem for the cylinder. For a perfectly conducting 


conical boundary at 6=0) [Fig. 2(b)], the required 
boundary condition is 0G/00=0 at 0=6>, leading via 
(12b) to the previously-mentioned equivalent two- 
dimensional wedge problem with 0G/06 = (1/2) (cot 00)G. 


DIFFRACTION OF ELECTROMAGNETIC FIELDS BY 
A PERFECTLY CONDUCTING HALF PLANE 


In the previous section we considered some electro- 
magnetic problems arising from source distributions 


having a special angular dependence. However, our 


basic formulas [(9a) and (9b) | can also be used to good 
purpose in deducing the effect of a conducting half plane 
on general incident fields, as we shall see below.’ 

We consider the problem of diffraction of an arbitrary 
vector electromagnetic field by a perfectly conducting 
half plane. The half plane is defined by Y=0, X>0 as 
in Fig. 1(a). We use two sets of coordinates, the Carte- 
sian coordinates X, Y, Z, and the cylindrical coordinates 
p, >, Z, defined in (9a): 


X=pcos¢?, Y=psing; O<¢< 2x. (22) 


The total electric field € is expressed by means of its 
Cartesian components &x, Sy, &z, which must obey the 
inhomogeneous wave equations 


(V? + RS = Sx; (V2 + k)8y = Sy; 
(V? + k?)&z = Sz, 
the divergence condition 
O&x Od&y d&% 
aommaY ©0z 


(23) 


= 0 outside of source regions, (24) 


’ This problem was discussed by S. Karp, “An Analysis of Edge 
Behavior in Vector Diffraction Theory,” presented at the Symposium 
on Electromagnetic Waves, University of Michigan, Ann Arbor; 
July, 1955. (Abstract appeared in IRE Trans. ON ANTENNAS AND 
PropaGATIoN, vol. AP-4, p. 579; July, 1955.) 
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and the following boundary conditions on the perfectly 
conducting half plane and at infinity: 


0 
0= &x(X, (); Z) ey E2(X, 0, Z) = sprite oh) > 0. 


E Sy(X,0,Z) = Come | (25) 
aV oY y=0 
&x, Sy, &2, outgoing at infinity. __ (26) 
Moreover, we require the edge conditions‘ me 
&z(p, ¢,Z) ~0 as p—0, (27) 
no component of € or (V X€) is as singular as 
1/p at the edge. (28) 


The functions Sx, Sy, Sz, in (23) represent the sources 
of the field, and are assumed to be given and to be con- 
fined to the interior of a finite region exterior to the half 
plane and its edge. Concerning (25) we note that the 
first two equalities express the boundary condition at a 
perfect conductor. The (redundant) condition 0&y/0Y 
=0 follows from (24) if we proceed to the limit Y—-0 
for X>0, while requiring that 6x and &z—0. The mag- 
netic field # corresponding to € according to the 
Maxwell field equations is defined as H=(1/ikZ)V XE, 
where Z is the characteristic impedance of free space. 
To facilitate subsequent discussions, we introduce the 
incident field, Eine. This field is defined as that outgoing 
wave solution of (23) which is regular except at the 
sources of the field. Since € and €;,. have the same 
sources, we deduce from (23) that 


(V? + k)V-(E — Exc) = V-S—V-S=0. (23a) 


Now the function V-(€—€;,.) is an outgoing wave at 
infinity, as follows from the outgoing behavior of the 
Cartesian components of € and Eine. Since it has no 
sources [by (23a) ], it vanishes identically. Thus (24) can 
be replaced by: 


V-€ = V-Eine = 0 outside of sources 


V-€ — V-Eine = 0 everywhere. (24a) 


Our method of analysis will be based on an assumed 
knowledge of the solutions of certain scalar boundary 
value problems, in terms of which the electromagnetic 
solution will be expressed. In the scalar diffraction 
theory for a half plane, it is customary to solve problems 


of the type posed in (2a) and (3) and summarized below 
for convenience: 


V*h + k*@ = source term. 


¢@ outgoing at «, 


(29) 

(30) 
: a 

@(X,:0,.2)/= 0; ent 0S 0,2) = 0, for X > 0. (31) 

¢ finite as p— 0. (32) 


° If k=ki+ike, ko>O, then we require instead that E(«)=0. 
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The pair of problems so expressed can be solved ex- 
plicitly, as is well known. We can, therefore, directly 
construct a triplet of functions (Ex, Ey, Ez), 7.e., a vec- 
tor E, say, which satisfies conditions (23), (25) and (26) 
and such that E is finite at the edge of the screen. De- 
_ spite this, the vector E fails to be a solution of Maxwell’s 
equations, since it does not satisfy the divergence con- 
dition (24). 

It is known that near the edge, functions of the type 
of (Ex, Ey, Ez) behave like 


(Ci(Z) Vp sin $/2, 
C2(Z) + C3(Z) V/p cos $/2, Ca(Z)V/p sin ¢/2), (33) 


where the functions Ci, C2, Cs; and C, depend on the 
particular excitation. Hence, conditions (27) and (28) 
are actually fulfilled. In fact they are over-fulfilled, 
_ since we can allow appropriate infinities of &x and &y at 
the edge. 

We now proceed to show how to construct the vector 
_ €, given the vector E. To do this we define e=€ — E, and 
~ then note that we must have, in virtue of (23)—(28) 
and (24a), 


(V2 + R)e = 0, e = (ex, ey, éz), (34) 
y= V-e+ V-E— V-Eine = 0, (35) 
) 
ex(X, 0, Z) = ez(X, 0, Z) = eV ey(X, 0, Z) = Os 
x 210; §(36) 
e outgoing at ©, (37) 
ez(p, p, Z) — 0 as p— 0, (38) 
1 
e, (V X e) not as singular as — at p = 0. (39) 


p 


If such a vector e can be found, then e+ E will satisfy 
all the conditions imposed upon €. 

It is at this point that the basic formulas (9a) and 
(9b) are employed. Let us set 


1 
ex = —= sin (6/2) Fi(p, Z) (40) 
Vp 
1 
éy = —>= cos (¢/2) F2(p, Z); (41) 
Vp 
ez = 0, (42) 
where 
| a? 
—— +, —— +2?) Fo = 0, (43) 
G -{s az? ap ) 2 


and where F; and F; are outgoing at infinity. Then (34), 
(36), (37) and (38) are fulfilled. We can exclude the 
possibility that F:(0, Z) =0, or F,(0, Z) =0, for then the 
functions F; and F2 would be identically zero, since they 
are sourceless radiating-wave functions in the Cartesian 
p, Z plane. Thus , exp? sin (6/2) Fi(0, Z), ey—pt!? 
cos (6/2) F2(0, Z) near p=0, and this is the expected 
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form of edge singularity, and it is in accordance with 
(39), insofar as e is concerned. Condition (39) also re- 
stricts the singularity of (V Xe), of course, but this will 
be attended to after the solution is obtained. 

We now have to fulfill condition (35). To this end we 
note that the function Y=V-e+V-E—V-€ine, with e 
given in (40)—(42), is a scalar wave function which is 
outgoing at infinity. This follows from the fact that the 
Cartesian components of the vector (e+ E—€in-), and 
therefore their derivatives as well, possess these proper- 
ties. Furthermore, we know that ~ vanishes on the 
screen. [In fact, V-e=0 on the screen by (36), V-E 
vanishes there because of (25), while V-€ine=0 at the 
screen since the sources do not extend to the screen. | 
These properties of y ensure that it will vanish identi- 
cally provided that it vanishes as the edge is approached 
radially. We shall therefore examine the behavior of 
near the edge; as we shall see, the divergence will vanish 
there, provided the functions 7; and F, are suitably 
chosen. 

First, as mentioned above, V-€ine=0 near the edge. 
Next we observe from (33) that the singular part of the 
expansion of V- E is given by the formula 


(note “ (v/p sin (¢/2)) 


z= 0 Nod 2 as t C ( 2) ; 
= — So c0s (6/2) = = = sin / ): 


‘p 
E OZ at /2)+— (Z)— in (¢/2) 
tas aac aes —— Se OAS == SI 

V ; i( by sin ( : CZ Fe 


C(Z) 


= a sin (¢/2) (44a) 


where 
C(Z) = 4[—C,(Z) + C(Z)]. (44b) 


Here the functions Ci, C3 are known from the solution 
of the scalar problems. We require, therefore, that the 
singular part of the expansion of V-e be given by 
1 
V-e— — C(Z) —= sin (¢/2), (45) 
Vp 


so that V-e+V:E will vanish as p—>0. However, from 
(40), (41), (42) we have 


o/c iad 
V-e -| Fo, Z) (= sin (@/2)) 
0 1 
= F(0, Z) <(— cos (¢/ 2) | 
fe 2) a F,(0, Z) 
+ oe (o/ ones (0, 


0 
+ = cos (¢/2) =, F,(0, Z) sin ¢. (46) 


p 
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Since F,(0, Z) and F.(0, Z) do not both vanish, the 
bracketed term in (46) is 0(o-*/) ; on the other hand, the 
remaining part of the right side of (46) is 0(p~"”). Eq. 
(45), therefore, implies that the bracketed term of (46) 
vanishes identically. But the coefficients of Ff; and F2 
in (46) are identical by the Cauchy-Rieman equations, 
since (X+7Y)—2=(1/+/p) (cos (¢/2)—1 sin (¢/2)). 


Hence, we conclude that 


PAO, 4) te PO) 2). 0: (47) 


The uniqueness theorem for two-dimensional scalar 
waves then implies that Fi(o, Z) ++ F2(p, Z) =0 for all p, 
since the functions 7, and F; are sourceless and outgoing. 
Therefore, (0/dp) F:(0, Z) = —(0/dp) F2(0, Z). We now 
compare the second part of the right side of (46) with 
the right side of (45), and use the identity of (0/dp) /:(0, Z) 
and —(0/dp) F2(0, Z) to find 


< O ‘ 
—C(Z) sin ¢/2 = — F.(0, Z)[sin ¢ cos 6/2 — cos ¢ sin ¢/2| 
dp 


4 
= — F,(0, Z) sin ¢/2. (48) 
Op 


Thus, we have to determine F2(p, Z) = — Fi(p, Z) from 
the condition that 
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= Fx, ise Cn (49) 


fi) 
But F.(p, Z) is an outgoing wave function of Pp and | 
Z(=z) if these are regarded as Cartesian coordinates. 
Therefore, we can solve (49) with (43) by a direct appli- 
cation of Green’s theorem to the half-space region p 20, 
utilizing the two-dimensional Neumann-type half-space 
Green’s function, as follows: 


F 4(p, 4) 


o =f cenmonve CA 2 20)*)dZo 


aa ome, Fi(p, Z). (S50) 
We can now insert (50) into (40) and (41), and this 


gives us the solution for the required vector e. Then 


€=E-t+e, where E is composed of the familiar scalar 
solutions, and e is given by quadratures in terms of the 
quantity 


C(Z) = lim 


(51) 
p0 sin d/2 


If we use the fact that Fi(o, Z) = — F2(p, Z), it is easy 
to verify from (40), (41) and (42) that V Xe is 0(p-"/”) at 
the edge, as required by (39). The analysis is therefore 
complete. 


Forward Scatter from Rain* 


L. H. DOHERTY} anp S. A. STONE} 


Summary—The forward scatter of radio waves from rain has 
been observed over a 90-mile, 2720-mc path. The observations sup- 
port the assumption of omnidirectional scattering from rain. On this 
link rain scatter may exceed the normal tropospheric scatter signal 
by 15 db. This latter signal may itself be increased by the presence 
of thunderstorms in the vicinity. Signal level distribution during rain 
and no-rain conditions are presented. 

Among the effects of rain on a tropospheric scatter link are the 
increased fading rate and decreased bandwidth. The fading rate 
may increase by a factor of ten or more, and pulse-to-pulse fluctua- 
tions have been observed at a pulse repetition frequency of 600 
pulses per second. Evidence for a decreased bandwidth is presented 
in the form of pulse photographs. The 1.5-usec pulse is commonly 
broadened to 3 or 4 usec and on occasions to lengths in excess of 20 
psec. 


* Manuscript received by the PGAP, October 26, 1959; revised 
manuscript received, January 25, 1960. 
{ Radio and Elec. Engrg. Div., Natl. Res. Council, Ottawa, Can. 


INTRODUCTION 
( ORDON! has made some calculations on the for- 


ward scatter from rain with particular reference 

to its value relative to transhorizon tropospheric 
scatter signal. His work was based on empirical relation- 
ships developed by workers in radar weather? and upon 
an estimate of the ratio of rain scatter volume to atmos- 
pheric scatter volume. The effective atmospheric scatter 
volume is limited, in the usual case, to a size which is 
small compared with the volume intersected by the 


‘W. E. Gordon, “The Scattering of Radio Waves by Turbulence 
in the Troposphere,” School of Elec. Engrg., Cornell University, 
Ithaca, N. Y., Res. Rept. No. EE-163; September 155 10538 

* J. S. Marshall, W. Hitschfeld, and K. L. S. Gunn, “Advances in 
radar weather,” in “Advances in Geophysics,” Academic Press, New 
York, N. Y., vol. 2; 1954. This article contains a survey of the field 
and a bibliography. 
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antenna beams. This results from the rapid decrease of 
scattered power with increasing scatter angle. In the 
rain-scatter case, the scattering cross section is inde- 
pendent of scattering angle, with the result that the 
volume is limited by either the volume of rain or the 


_ common volume of the antenna beams, whichever is 
- smaller. In the case considered by Gordon he gave a 


oY ae 


value of 1000 as a possible ratio of the rain and atmos- 
_ pheric scatter volumes. 


In the late spring of 1956, the National Research 
Council of Canada established an 11-cm radio link be- 
tween Ottawa and Montreal in order to make some pre- 
liminary measurements of the forward scatter from 


- rain. The link was operated throughout the summer of 


1956, and the results were presented in a thesis by 
Stone.? Use was made of weather radar films provided 


_ by the Stormy Weather Group at McGill University. 


“eo AS 


_ An important result of Stone’s work was the recom- 


mendation that a second link be established over the 
same path, with the antennas swung sufficiently far off 


- the Great Circle path so that little or no atmospheric 


scatter signal is received. The rain-scattered signal, 
being independent of scattering angle, would be re- 


- ceived without attenuation. Operation of the two paths 


would make possible the separation of the signal on the 
normal Great Circle path into a tropospheric scatter 
component and a rain scatter component. Such a system 


~ was placed in operation between Ottawa and Montreal 


on June 1, 1958, and the following is an account of the 
observations on this link during the summer and early 


~ fall of 1958. 


THE PATH AND EQUIPMENT 


The transmitter, with a 1.5-usec pulse output at 2720 
mc is situated in Ottawa. The receiving equipment is 90 
miles away at Dorval Airport, Montreal. The horizon 
is at 0° elevation at the transmitting end but, because 
of nearby obstructions, is elevated 40 minutes of arc at 
the receiving end. 

The transmitted power is split between two antennas: 
one, horizontally polarized, is directly along the Great 
Circle path; the other, vertically polarized, is swung 10° 


to the south. At Montreal three antennas are each pro- 


vided with a receiver. One of the antennas is directed 


~ along the Great Circle path at 0° elevation and forms 


with the horizontally polarized transmitting antenna a 


normal or direct path. Another antenna, vertically 


polarized, is pointing 8° south of 0° elevation. This, to- 
gether with the vertically polarized transmitting an- 
tenna, forms the swung path. 

McGill University’s Stormy Weather Group oper- 
ates a weather radar (AN-CPS9) which is located near 
the receiving site. The normal film record of the radar 


3S. A. Stone, “Beyond-the-Horizon Propagation at Microwave 
Frequencies,” M.Eng. thesis, Dept. of Elec. Engrg., McGill Uni- 
versity, Montreal, Can.; 1958. 
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screen shows precipitation echoes within a 100-mile 
radius centered on Dorval, and consequently covers the 
entire Ottawa-Montreal propagation path. 


CLASSIFICATION OF SIGNALS RECORDED DURING RAIN | 


Rain records on the two paths are shown in Fig. 1. 
The rise and fall of the signal levels correspond with the 
radar observed entry and exit of rain in the common vol- 
umes of the antenna beams. The hump on the falling 
side of the direct-path record corresponds with the 
movement of the storm over the receiving site. The re- 
corded signal is being received through the sidelobes of 
the antenna. This effect, and its counterpart when rain 
is near the transmitting site, is observed frequently and 
is considered again in a later section. The lack of fluctua- 
tion in the two records when the rain-scattered signal 
is being received is due to the large value of the ratio 
of recording time constant to fading period. Thus the 
increased fading rate on the direct path appears as a 
decreased fading range. 

Another manner in which rain affects the tropospheric 
scatter signal is shown in Fig. 2. The radar records give 


s—— RAIN SCATTERED SIGNAL = 
=Tx 10°s 
Rx 8S 


for GREAT CIRCLE z 
PATH : 


1 JUNE 30/58 


Be 


SIGNAL »RECEIVED ON 
GREAT CIRCLE PATH 


Fig. 2—Direct-path signal increases associated with rain. 
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the periods when rain was present in the antenna 
beams, but it is observed that the direct-path signal 
rises before and falls after the appearance of rain in the 
common volumes. In this case the signal increase is not 
due to scatter from the raindrops but is due to an en- 
hancement of the normal atmospheric scatter signal. A 
detailed examination of the meteorology has not been 
made, but the response of the type shown in Fig. 2 is 
usually associated with air mass or line thunderstorms 
rather than with frontal precipitation. 

The classification of responses to rain is shown for 37 
cases in Table I. In addition to the two types of response 
shown in Figs. 1 and 2 there are occasions when both 
these responses are present together, and other times 
when the direct-path signal shows no change when rain 
is present on the path. On four of the 37 occasions, a 
signal having the appearance of a super-refracted or 
layer-reflected signal was observed. 


SIGNAL LEVELS DuRING RAIN 


The signals recorded during the period June 1 to 
October 31, 1958, have been analyzed in terms of a half- 
hour median. The periods of rain on the path, and the 
periods of super-refraction, have been separated from 
the total. Fig. 3 shows the cumulative probability dis- 
tributions of half hour medians for these periods. A 
particular half-hour was classed as a “rain period” if 
the radar showed rain echo in any part of the common 
volume for at least 15 minutes of the half-hour. The 
super-refracted signal was classified from the nature 
of the fading. 

From Fig. 3 it may be seen that during rain the half- 
hourly median is about 4 db higher at the 50 per cent 
level than the signals due to atmospheric scattering in 
the absence of rain. As mentioned in the previous sec- 
tion, this is due both to forward scatter from the rain 
and an increase in the atmospheric scatter signal asso- 
ciated with the meteorology which produces rain. 

The power scattered from raindrops may be related 


to the rainfall rate according to the following expres- 
sion:! 


ENS pobrV 
where 


p is the incident power density at the scattering vol” 
ume (watts per square meter), 

g=4.6-10-%R'*\~ is the scattering coefficient per 
unit solid angle, 

R is the rainfall rate in millimeters per hour, 

is the wavelength in meters, 

9 is the solid angle subtended by the receiving an- 
tenna at the scattering volume, 

V is the scattering volume in cubic meters. 


The scattering coefficient has been established empiri- 
cally from radar back scatter measurements. The vol- 
ume V to be employed is either the volume filled by 
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TABLE I 


TyprE oF SIGNAL RESPONSE ON THE DIRECT PATH FOR 
THIRTY-SEVEN STORMS 
ee 

Enhancement due to forward scatter from rain (Fig. 1) if 


Enhancement beginning before and ending after rain 


(Fig. 2) 9 
As above, with additional enhancement due to forward 
scatter from rain 3 
The super-refracted or layer-reflected signal 4 
No noticeable effect Pe. 14 
Total 37 
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Fig. 3—Cumulative distributions of half-hourly medians during rain 
and no-rain conditions. (a) Super-refraction. (b) Rain on radar. 
(c) Remainder. 


raindrops or the common volume of the antenna beams 
—whichever is the smaller. 

Calculations using this expression have been per- 
formed for both the direct and swung paths for the 
common antenna volumes filled with rain and for the 
case of a north-south band of rain stretching across the 
common volumes. This latter situation is fairly com- 
mon and the calculations have been performed for 
bands varying in thickness between 5 and 20 miles. The 
maximum signals received on the direct path during 
rainstorms have been examined from the point of view 
of rainfall rates required to produce them. In the fre- 
quency distribution of signal levels during rain the most 
probable corresponds to a rainfall rate of 4 mm per 
hour in the entire antenna volume, and to 12 mm per 
hour in a north-south band five miles thick. The rain- 
fall rates corresponding to signal levels occurring one- 
quarter as often are about 12 and 40 mm per hour, re- 
spectively. 

A comparison has also been made between maximum 
signals received on the direct and swung paths, and the 
results are shown in Fig. 4 for 49 rain storms. It is ob- 
served that the scatter of points has a reasonably well 
defined lower boundary. On this boundary the direct- 
path signal exceeds the swung-path signal by 5 db. The 
points lie near this boundary when a rain-scattered sig- 
nal is predominant on both paths, and above the 
boundary when the normal scatter signal is large or is 
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Fig. 4—Comparison of direct- and swung-path signals during rain. 


enhanced as in Fig. 2. If it is assumed that the common 
volumes of the two paths are filled with rainfall of equal 
intensity, the calculated direct-path signal should ex- 
ceed the swung-path signal by 8 db. These results, 
therefore, support the assumption of omnidirectional 
scattering from rain. The average scattering angle is 
about 3° for the direct path and about 18° for the 
swung path. 


FADING RATE AND PULSE DISTORTION 


Two important effects of rain on a tropospheric scat- 
ter system are the increase in fading rate and pulse 
distortion which occur in the presence of rain. 

An increase in fading rate is a very obvious feature of 
the scatter signal as rain moves into the common vol- 
ume. Autocorrelation coefficient calculations have been 
made on a number of occasions. Typically, under no- 
rain conditions the time correlation of the atmospheric 
scatter signal drops to a value of 1/e ina time varying 
between 1/4 and 1 second. When rain is present in the 
common volume but is not significantly increasing the 
scattered power, the time falls to a value of about 1/10 
second. When the rain-scattered component is pre- 
dominant the value falls to about 1/25 second. In the 
latter case the equipment is probably limiting the speed 
of response. Examination of film records shows pulse- 
to-pulse fluctuations at a pulse recurrence frequency of 
600 per second, and it is apparent that appreciable 
amounts of power are present in the fading spectrum 
at frequencies in excess of 200 cycles per second. 

Pulse distortion is another commonly observed fea- 
ture on the scatter link during rain. When rain is present 
in the common volume the path delays in the received 
signal are determined by the geometry of the common 
volume. For typical link parameters this can mean 
path delays increased by factors of two or three, and a 
reduction in effective bandwidth by the same factor. A 
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Fig. 5—Photographs of pulses received on direct path with rain near 
receiving terminal, October 10, 1958. Exposure—1/50 second. 


more striking example of pulse delay is shown in Fig. 5. 
In the photographs taken at 1550, 1551, and 1552 
hours, energy is arriving between 20 and 25 usec after 
the first arrival of the pulse. The photograph at 1558 
shows the pulse with just a small amount of distor- 
tion at the trailing edge. The blurred feature of the de- 
layed portions of these pulses is, of course, due to the ex- 
tremely rapid fading of the rain-scattered component. 

The extended tail of these pulses is due to scatter 
from rain near the receiving terminal. The energy is 
transmitted via the main beam of the transmitting an- 
tenna, scattered from an intense storm directly above 
or slightly in front of the receiving antenna, and re- 
ceived through the sidelobe of the receiving antenna. 
Sidelobes as much as 25 db below the main beam are 
more than counterbalanced by the distance factor ap- 
pearing in the scattering formula. 


CONCLUSIONS 


The results of this experiment support the commonly 
made assumption of omnidirectional scattering from 
rain. Scattering at angles of 3° and 18° is the same 
within a factor of 3 db, and the results are consistent 
with relations derived from back-scattering (scattering 
angle equals 180°) observations. 

The passage of precipitation areas across or along the 
path may increase. the signal level in one of two main 
ways. Energy may be scattered from the raindrops 
themselves. For heavy rain this increase may amount 
to 15 db, and in this area of the world the effect is con- 
fined to a few summer months. The scattered power 
per unit volume of rain varies as the fourth power of the 
frequency. Thus for links of the same path length the 
effect will tend to be 20 db greater in the X-band region 
(10,000 mc) and 20 db less in the 500z- to 1000-mce region. 
The ratio of rain-scattered power to atmospheric-scat- 
tered power increases with increasing distance, and at 
200 miles is 20 db greater than for the 90-mile path of 
this paper. Beyond 200 miles the antenna common vol- 
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ume rises above the level at which weather occurs. 

An increase in signal level may also occur without any 
rain-scattered component being present. This increase 
is associated with thunderstorms and not with frontal 
precipitation. Although the exact cause of this increase 
in signal level is not known, it is possibly a result of the 
mass of cold air diverging from the base of a thunder- 
storm. The boundary of this cold air may be as much as 
50 miles from the center of the storm, and an elevated 
superrefracting layer will be formed above this ground- 
based cold air. 

High fading rates are invariably associated with the 
passage of rain through the common volume, even 
when the rain-scattered component is negligible in 
comparison with the normal atmospheric-scattered sig- 
nal. Presumably this is a result of high wind speeds and 
increased turbulent velocities associated with the rain. 
When the rain-scattered component is significant, very 
high frequency components are present in the fading 
spectrum. This is a result of the increase in size of the 


volume contributing to the scattering, and the rela- 


tively high velocity of fall possessed by the larger drops. 
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The pulse distortion which can occur as a result of 
rain scatter is of a very different order of magnitude 
than that encountered normally on a scatter link. Thus 


the 1.5-usec pulse used in this experiment is frequently — 


stretched to 3 and 4 usec, and occasionally to 10 to 20 
usec in length. This effect could presumably have very 
serious consequences for some scatter-communication 
systems. 
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Solution of a Reflection Problem by Means of a 
Transmission Line Analogy* | 


B. L. JONES} anv P. C. PATTON} 


Summary—Through the use of a transmission line analogy, a 
problem related to the reflection of electromagnetic energy from a 
periodic acoustic disturbance is solved. This solution agrees well with 
a numerical solution of a wave equation of the Mathieu form, which 
has been derived from a different model of the same problem. Subse- 
quent experimental research has given results in good agreement 
with the theoretical solutions. 


INTRODUCTION 


HE propagation of an acoustic wave through air 

causes the index of refraction of the air in the vi- 

cinity of the wave to vary with both position and 
time. In order to investigate the propagation of an 
electromagnetic wave through the acoustically dis- 
turbed air, it is necessary to consider this variable index 
of refraction »=7n(x, y, 2, t) in deriving the wave equa- 
tion from Maxwell’s equations. 


* Manuscript received by the PGAP, December 15, 1959; revised 
manuscript received, February 18, 1960. This work was performed 
under contract with the office of Naval Res., No. Nonr 1670(00) 
Subcontract FW1001 to the Bell Helicopter Corp. 

7 Midwest Res. Inst., Kansas City, Mo. 


To simplify the problem, it is assumed that both 
the acoustic disturbance and the electromagnetic wave 
are plane waves traveling in the x direction. The index 
of refraction n(x, t) depends only upon x and ¢. Further- 
more, the acoustic wave may be considered to be con- 
stant in time since the velocity of propagation of the 
electromagnetic wave is much greater than that of the 
acoustic wave. The problem is to determine the nature 
of reflected electromagnetic energy from the acoustic 
disturbance, under the assumptions that 7 is a function 
only of x, and that the acoustic wave is stationary in 
time. 


DERIVATION OF THE WAVE EQUATION 


If the electromagnetic wave is a plane polarized wave 
traveling in the x direction (through an acoustic dis- 
turbance), then Maxwell’s curl equations in mks units 
reduce to 

oH (x) dE 
2 iat a tesla (Gey eee 1 
Ox ot () 


July 
« 


JE OH 
a= Sip 


Ox ot 


(2) 


in which H is the magnetic vector and E£ is electric field 
strength. The variable index of refraction due to the 
acoustic disturbance is given by 


(2) = [n(x)]? = n0?[1 + 6 sin kex]?, (3) 


€0 


where 7 is the index of refraction of air when no acoustic 
wave is present, k is 27 divided by the acoustic wave- 
length, and 6<1. 

Differentiating (1) with respect to ¢ and (2) with 
respect to x yields 


OE 


OE 
Bear pe(x) 


Gp) ue 4 
- (4) 
differentiating (1) with respect to « and (2) with respect 
to t yields 

OH 1 de dH 


Ox? e(%) 0x OF Ot? 


(5) 


Eqs. (4) and (5) reduce to the usual form of the 
wave equation when e(x) is replaced by e€=constant. 

General solutions to (4) and (5) do not exist. More- 
over the usual traveling-wave solution of the form 
f(x tut) is not a solution of these equations. This fact 
does not mean that the solution cannot be expressed in 
terms of traveling waves, but rather that the traveling 
waves would not have the simple form f(x +2). 

For special forms of the function e(x), solutions of (4) 
and (5) have been proposed; however, these solu- 
tions are not adaptable to periodic forms of e(x). Ap- 
proximate solutions to (4) have been suggested,’ but 
their application is tedious and there is no satisfactory 
error analysis of the approximation method involved. 


Use or A TRANSMISSION LINE ANALOGY 


The foregoing difficulties have led to an attempt to 
extend the analogy between wave propagation in a 
transmission line and propagation of a plane wave 
through a dielectric medium! to the case of propagation 
of an electromagnetic wave through a medium with 
continuously varying index of refraction. A result 


1D. E. Kerr, “Propagation of Short Radio Waves,” Rad. Lab. 
Ser., vol. 13, ch. 2, McGraw-Hill Book Co., Inc., New York, N. Y.; 
1951. See also R. Yamada, “On radio wave propagation ina stratified 
atmosphere,” J. Phys. Soc. Japan, vol. 10, pp. TEM; January, 1955. 

2P, S, Epstein, “Reflection of waves in an inhomogeneous ab- 
sorbing medium,” Proc. Nat. Acad. Sci., vol. 16, pp. 627-637; Octo- 
ber, 1930. See also A. W. F riend, “Theory and practice of tropospheric 
sounding by radar,” Proc. IRE, vol. 37, pp. 116-138; February, 
1949. 

$V. A. Bailey, “Reflection of waves by an inhomogeneous me- 
dium,” Phys. Rev., vol. 96, pp. 865-868; November, 1954. See also 
references contained therein. 3 - 

4J. D. Ryder, “Networks, Lines and Fields, ’ Prentice-Hall, Inc., 


New York, N. Y., pp. 426-432; 1955. 
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[see (6) below] of the theory of uniform lossless trans- 
mission lines has been used as a starting point, and has 
been modified by the substitution of a variable n(x) 
for the constant 7 of the theory of uniform transmission 
lines. The variable index of refraction defined in (3) 
indicates that the corresponding acoustic disturbance 
is a sine wave of small amplitude and frequency. 

Eq. (6) is based on a solution obtained for (4) and (5) 
when (x) is constant.® However, for small values of 6, 
n(x) does not vary much from the value 7; thus the re- 
sults using (6) should be a fairly good approximation 
to the exact solution. Use of a medium-sized digital 
computer permitted solutions for many different values 
of 6 and &, and results from this approach proved to be 
useful. 


TRANSMISSION LINE EQUATIONS 


For a uniform transmission line of characteristic 
impedance Zp (see Fig. 1) terminated in the impedance 


dx x 


x <«——._ x =0 


Fig. 1—The transmission line. 


Z1, the impedance at a point a distance x from the end 
of the line is 


: ya 
Zi, + 3Zo tan (=) 
v 
om Ls (6) 
pk 
Zo + 4Zz tan (=) 
v 
At a point Ax nearer the sending end, the impedance is 
wrAX 
Z+ 7Z> tan ( ) 
v 
TRL = Za (7) 
w,Ax 
Zo + 7Z tan ( ) 
v 


in which Zp is the constant characteristic impedance in 
the interval Ax. Z-+ AZ is independent of the nature of 
the line and loads on the sending side of the point at 
which it is determined. 


5 W. C. Johnson, “Transmission Lines and Networks,” McGraw- 
Hill Book Co., Inc., New York, N. Y., pp. 152-155; 1950. 
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Now letting Ax be the differential length dx, (7) be- 


comes 
; w,dx 
Z + 920 
v 


Z+dZz = Z, —_—————__ :: . (8) 
__ [ wrdx 
ae 


Clearing fractions, (8) becomes 


ir 5 Wp 
Zu +522 — du + ZodZ + j2ZdZ — de 
v 
Wr 
iio) ae 
Vv 


Neglecting the term involving the product of two dif- 
ferentials and dividing by dx yields 


dZ 


Wr 
Zo (Ze er Z0°) = 0. (10) 
dx v 


If the transmission line is lossless, then Zp» will be a 
real quantity; however, Z may be complex. If Z=R 
+j7X, (10) becomes 


ioe es 
aii ous “de 
ee Rt LDGRX! X? 0%?) 2002, (11) 
Vv 


Upon separating (11) into its real and imaginary parts, 
we obtain 


dR Wr 
Zp — —2— RX =0 (12) 
dx v 
and 
abe — By 
Zo>—+ — (R? — X? — Z,?) = 0. (13) 
dx v 


PARAMETERS FOR THE ACOUSTIC WAVE 


To make the transmission line problem analogous to 
that of wave propagation through a lossless dielectric 
medium, the following substitutions are made:6 


rv} 


LAG) = 5 ree, 14 
(x) a) (14) 
which is the normalized impedance, and 
Vi 
i . 15 
pe(x) ee) 


The magnetic permeability » will be assumed constant 
and equal to po, (x) is given by (3), and 


§S. Ramo and J. R. Whinnery, “Fields and Waves in Modern 
ee 0,” John Wiley and Sons, Inc., New York, N. Y., pp. 250-254; 
948, ’ 
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Py soe 
all eo (L+dsinkx)no © 


The characteristic impedance of air with no acoustic 


(16) 


‘wave present is 


rane a | 
RA, (17) 
€09 10 
therefore 
Ro 
y it et ES 18 
: 1+ 6sinkx ° (18) 
Also, 
il 1 
9 ee (19) 
/poeo (1 + 6 sin Rx) n0 
but 
1 f (20) 
% = —= — 3 
: V/ boo uit) 
then 
i SS . (21) 
1+ 6sin kx 


If (18) and (21) are substituted in (12) and (13), the 
following results are obtained: 


dR Or ; 
Ro — — 2— (1+ dsin kx)?*RX = 0, (22) 
dx Vo 
and 
(ID Gu he Bs ‘ 
Ro — + — (1 + 6 sin kx)? 
dx Vo 
Re 
[Re —- XxX? - ed = 0. (23) 
(1 + 6 sin kx)? 


Di1GITAL COMPUTER EQUATIONS 


Since (22) and (23) are nonlinear, solution by analyti- 
cal means is not feasible. Instead, the equations were 
set up for numerical solution by Milne’s method? for 
solving a system of two simultaneous first-order dif- 
ferential equations. The following substitutions were 
made: 


SI 
| 
| 

8 


7W. E. Milne, “Numerical Solution of Differential Equations,” 
John Wiley and Sons, Inc., New York, N. Y., pp. 60-61; 1953. 
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kv 
i Tae ae (24) 
Wp 


and the approximation 


(1 + 6 sin kx)? ~ 14+ 28 sin kx, (25) 


where 61, was made. The effect of these substitutions 


is to reduce the equations to dimensionless form. The 


results are 


d 
“T= 29qu(1 + 26 sin M2) (26) 
d& 
~ and 
du. er . 
—=1— (q? — w2)(1 + 26 sin M3). (27) 
dé 
4 Now let g=1+y; then, 
4 dy ; 
FL y)(1 + 26 sin M8), (28) 
a 
and 
du F 
ie io (1 + y)? — w?)(1 + 26 sin MZ). (29) 
be 


» At ¢=0, let R=Ro ae x =0, yielding the initial condi- 
tions y(0) =0 and u(0) =0. 


THE REFLECTED ELECTROMAGNETIC ENERGY 


To determine the amount of energy reflected from the 


~ acoustic wave, it was necessary to calculate the voltage 
reflection coefficient p as a function of y and w in (28) 
and (29). Let 


z—1 


= , (30) 
Bas et 
in which z=Z/Z». From (22) Ro~Zo; therefore, 
2, 
g2—=1+y+yu. (31) 
> Ro 
e Then 
Ue 
7, os a a (32) 
yt2+ju 


The ratio of reflected power to power transmitted, 
|p|2, is then 
(y? + 2y + w?)? + 4u? 
(2+ y)? + *)? 


|p|? = (33) 


DIGITAL COMPUTER RESULTS 
To solve (28) and (29) numerically, Milne’s method 


was programmed for the IBM 650 Magnetic Drum 


Calculator. The computed results were used to calcu- 
late |p| at #=20m for these values of the parameters: 
28=1.0X10-* and M=2.0. The value of |p| obtained 
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using this method was 7.64X10-*, which compares 
favorably with an analytic approximation of 7.85 X10, 
and with a Mathieu equation numerical solution (dis- 
cussed below) of 7.91 <10-*, also done on the IBM 650. 
This agreement was satisfactory for the purpose at 
hand. Further numerical results indicated peaks in | p| 
at values of Mf =2, 1,.2/3, 1/2, 2/5, 2/6, 2/7, 2/8, 2/9, 
2/10. This manner of behavior for |p| was, of course, 
expected from the Mathieu equation solution of the 
scattering problem, which was studied to further sub- 
stantiate these results. 


THE MATHIEU EQUATION SOLUTION 


In considering the Mathieu equation approach to the 
reflection problem, it is necessary to assume not only 
the Maxwell equations (cgs units) but also the equa- 
tions 


D 


cE, 
(34) 


As before, p is a constant fo, but e=e(x, ¢) is calculated 
to be 


e(x, t) = no?[1 + 25 sin (wat — kx)], (35) 
where w, is the frequency of the acoustic wave. Since 
the acoustic wave is assumed to be stationary, the time 
dependence of 7 may be dropped, and the wave equa- 
tion may be written as 


PE EF 
a ne es re (36) 
ox? Gc Ol 
Considering only the plane wave case 
E = Evei*t, (37) 
(36) becomes 
Ek a 
siege 2E = 0, (38) 
Ox.) 6? 
and by (35) 
ek 2 = 
— pen 2[1 + 28 sin kx|E = 0, (39) 
Ox 


where k = 27/\, and Aq is the wavelength of the acoustic 
disturbance. 

Substituting mo =o =1 and kx = M&, where M =a 
then w,/¢=27/h, and (39) becomes 


iN me a 
—— 4+ E(1 + 26 sin Mz) = 0. (40) 
dx? 
The solution to (40) may be written as 
E = A(ax)e#® + B(x)e#® = fi(&) + fo(®). (41) 
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Then List OF SYMBOLS 
B(x n =index of refraction 
|e| = 2 = = : (42) H =magnetic vector 
fi a) E=electric field strength 


To separate (41) into real and imaginary parts, it is as- 
sumed that E= £,+jE£;, in which EF, and £; are the real 
and imaginary parts of Z. Now the problem is to solve 
the set of equations 


E,”’ + E,(1 + 26 sin Mz) = 0 

Ev! + E,(1 a 26 sin Mz) = 0, (43) 
with boundary conditions 

E,(0) al 

E;(0) = 0, 


E,'(0) = 0; 
Ei(0) = — 1. (44) 


From (42) an equation for |p| im tengis of B,, Ee’, Ey, 
and £,’, may be written 


(45) 


| | Ve ae Bee ar [E; coat EF,’ |? 
WV AEL Bél [Ee + BP 

Using this method of solution, the value of |p| for 
*=207, 26=1.0X10-*, I =2.0 mentioned above (7.91 
X10-*), was found. 


CONCLUSION 


Although the fundamental equations for both meth- 
ods of solution of the scattering problem were derived 
from Maxwell’s equations, the mathematical models 
involved were essentially different. The Mathieu equa- 
tion solution was approximated analytically and was 
calculated numerically on a digital computer. Agree- 
ment of the various answers was considered good. Sub- 
sequent experimental work gave answers which sub- 
stantially agreed with the calculated values of |p , and 
which also indicated reflections at experimental equip- 
ment configurations corresponding to M=2, 1, 2/3, 1/2, 
etc. A paper describing theoretical conclusions as well 
as detailed results from the scattering experiments will 
be published in the near future. 


e(x) =dielectric permittivity at x 
p= magnetic permeability 
€)=dielectric permittivity of free space 
no = index of refraction of air when no acoustic wave 


is present 
\.= acoustic wavelength 
R=27/K, 


w,=frequency of acoustic wave 
Z,)=characteristic impedance at a point on a trans- 
mission line 
Z =impedance at any point on a transmission line 
AZ =difference between Z at x and at x+ Ax 
jaa 
A, =electromagnetic wavelength 
w,=frequency of electromagnetic signal 
v=velocity of propagation of wave along trans- 
mission line 
R=real part of Z 
X =imaginary part of Z 
Jo = Magnetic permeability of free space 
Ro=characteristic impedance of air with no acoustic 
wave present 
Vo = velocity of propagation of electromagnetic wave 
through undisturbed air 
q= dimensionless; resistance R per unit of Ro 
u=dimensionless; reactance X per unit of Ro 
%=w,X/Vq 
M =dimensionless; ratio of A, to Aq 
y =dimensionless; defined as g—1 
c=velocity of propagation of electromagnetic air in 
vacuum. 
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Experimental Swept-Frequency Tropospheric Scatter Link* 
W. E. LANDAUERt 


Summary—An experimental swept-frequency tropospheric scat- 


ter link, with a path length of 194 miles, has been established in 
_ France between Cholet and Corbeville. The transmitter (designed by 


Compagnie Générale de Télégraphie Sans Fil) sweeps in a nearly 


_ linear manner from 3100 to 3600 mc and back to 3100 mc at about 10 
_ cps. The average transmitted power is 250 watts. The receiver and 


data display (designed by Airborne Instruments Laboratory) sweep in 
synchronism with the transmitter. The synchronizing signal is de- 
rived from the carrier frequency of a broadcast station (Paris-Inter). 


_ The receiver is designed to track swept signal amplitudes down to 


about 4 db above noise level, and after severe fades, to reacquire sig- 
nals larger than 6 db above noise level in about 1 to 2 milliseconds. 


_ Received signal amplitude is presented as a simultaneous function 


of frequency and time. 
Preliminary data obtained from the link indicate that privileged 


__ transmission frequencies exist at all times in this band at which the 
_ transmission level is about 10 db above median. The preliminary 
_ data gathered from the link are described, as well as general design 
features of the system. 


INTRODUCTION 


describes the time variation of signal amplitude 


; \ LARGE amount of data has been collected that 


= 


received over tropospheric scatter links operat- 
ing at fixed frequencies. The frequency-swept link 


- described here was set up to obtain data concerning the 


variation of received signal level as simultaneous func- 
tions of frequency and time, and to determine whether 
a cross-correlation exists between the frequency and 


time variation.!” 


GENERAL DESCRIPTION OF THE LINK 


The transmitter for the link was designed and con- 


- structed by the Departement de Physique Appliquée of 


Ss 


the Compagnie Générale de Télégraphie Sans Fil 
(CSF). The average power output of the transmitter is 
250 watts. The transmitted frequency is swept from 
3100 to 3600 mc and back to 3100 mc in a triangular 
fashion, 10 times a second. The rate of 10 per second was 
chosen to measure signal strength at each frequency in 
the band an average of twenty times a second. This 


~ rate is high compared to the fade rates’ that were ex- 


* Manuscript received by the PGAP, November 9, 1959; re- 
vised manuscript received, February 12, 1960. This work was sup- 


- ported under Signal Corps Contract DA-36-039-sc-73276. 


+ Airborne Instruments Lab., a division of Cutler-Hammer, Inc., 


Deer Park, N. Y. - 


1J. H. Chisholm, L. P. Rainville, J. F. Roche, and H. G. Root, 


“Measurement of the bandwidth of radio waves propagated by the 


troposphere beyond the horizon,” IRE TRANS. ON ANTENNAS AND 


, PROPAGATION, vol. AP-6, pp. 377-378; October, 1958. 


2 A. B. Crawford, D. C. Hogg, and W. H. Kummer, “Studies in 


tropospheric propagation beyond the horizon,” Bell Sys. Tech. J. 


vol. 38, pp. 1067-1178; September, 1959. 


3 Qn a scatter link one generally observes slow fades of major 
amplitude variation (many decibels) with a superimposed much 


; higher rate of fades of relatively small amplitude (a few decibels). 


The fade rate (as used above) refers to the slow fade rates. Alan T. 
Waterman, Jr., in “A rapid beam-swinging experiment in trans- 


horizon propagation,” IRE Trans. ON ANTENNAS AND PROPAGA- 


TION, vol. AP-6, pp. 338-340, October, 1958, reports occasional dis- 
continuities occurring in less than # of a second. This implies that the 
sweep speed in this experiment may have been too low to observe 
certain phenomena on the link, though the observed results up to 
this time do not give any such indication. 


pected over the scatter path. First data obtained over 
the link show that this was a conservative assumption: 
slow fades at a fixed frequency occurred at rates of 
about 0.5 to 1 cps. Each frequency in the band under 
study is therefore sampled at a rate that is high com- 
pared to the fade rate; the measurement of received 
signal strength at the receiver terminal of the link can 
be considered as a simultaneous record of fading prop- 
erties at all frequencies in the band between 3100 and 
3600 me. 

The superheterodyne receiver for this link—designed 
and constructed by Airborne Instruments Laboratory 
(AIL)—was 194 miles from the transmitter site. A volt- 
age-tuned local oscillator sweeps through the required 
band of frequencies in synchronism with the frequency 
sweep of the transmitter. An AFC loop actuated by re- 
ceived signals corrects the local oscillator frequency to 
keep the IF signal within the receiver IF pass band. 

The transmitting and receiving antennas are two 
identical parabolic reflectors with diameters of 8 meters 
and focal lengths of about 3 meters. Antenna feeds 
giving horizontal and vertical polarization, as well as 
two beamwidths for each polarization (one with a 45.1- 
db gain at midband, the other with a 42.1-db gain at 
midband) are available to achieve flexibility in data 
gathering. Antenna positions are adjustable through 
+3.0° in azimuth and +2.5° in elevation. Fig. 1 shows 
the antenna mounted at the transmitter end of the link. 

Flexibility in the link exists in antenna beamwidths 
and polarizations, in the band of frequencies swept 


Fig. 1—Transmitting antenna. 
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through, and in the display and recording of data. Ini- 
tially the link provided operation of the sweep either 
through 500 mc or through 10 mc. In addition, the re- 
ceiver and transmitter can be operated at any fixed fre- 
quency in the band to provide the more conventional 
type of scatter data. Data taken in the winter of 1958- 
1959 showed that the signal behavior over 100 to 200 mc 
of the band does not appear to differ from the behavior 
over the full 500-mc band. Since sweeping over a re- 
duced bandwidth increases the depth of fade which the 
receiver can track, a 200-mc mode has been incor- 
porated into the system. 

Two displays are available for observing and record- 
ing the received signal strengths. An A-scope type of 
presentation shows received signal strength as a func- 
tion of frequency, with the horizontal deflection propor- 
tional to frequency in the interval between 3100 and 
3600 mc. Fig. 2 shows such a display. The sweep for the 
horizontal (frequency) scale is provided by the same 
triangular voltage that is used to tune the local oscil- 
lator. Fig. 2 illustrates the display of a single sweep of 
the receiver from 3100 to 3600 me. It is also possible to 
use this same display to view the superpositions of re- 
ceiver outputs during repeated sweeps of the local oscil- 
lator. In this manner, an envelope of received signal 
amplitudes as a function of frequency and time can be 
obtained. 

The second method of data display (Fig. 3) is a fre- 
quency-time-intensity oscilloscope presentation, usu- 
ally referred to as an FTI display. Here intensity is a 
measure of signal amplitude, horizontal deflection cor- 
responds to frequency, and vertical deflection cor- 
responds to time. A vertical line in this display, show- 
ing signal intensity as a function of time at a fixed fre- 
quency, is the type of data observed on conventional 
scatter links. Fig. 3 shows three frames, each of about 
27-second duration, photographed with a Polaroid-Land 
camera. Future data will be taken by using a moving 
film camera, where the film motion replaces the vertical 
deflection of the CRT. In this way, patterns with vari- 
able time scales can be obtained. 
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Fig. 2—A-scope presentation of one receiver sweep period. 
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EQUIPMENT IN THE LINK 


Synchronization 


The transmitter and receiver use voltage-tunable de- 
vices (a CSF carcinotron and a GE voltage-tunable 
magnetron, respectively) to determine the transmitted 
and received frequencies. In both transmitter and re- 
ceiver, a triangular voltage with a frequency of 10 cps 
is applied to the voltage-tunable elements. To synchro- 
nize the frequency of these triangles, the inflection 
points of the triangles at both transmitter and receiver 
are derived by using auxiliary receivers tuned to the 
164-kc signal of radio station Paris-Inter. By dividing 
this frequency by 8100, synchronizing pulses for the in- 
flection points of the triangles are obtained at each end 
of the link, with the inflection points occurring at a 
rate of 164 kc/8100 kc or about 20 cps. This makes the 
triangle frequency about 10 cps. 

Although the frequencies of the two triangles are 
synchronized by the 164-kc signal, the phase of the two 
tuning triangles is generally incorrect. That is, the in- 
flection points of the transmitter frequency sweeps (as 
observed at the receiver site) do not coincide with the 
inflection points of the local oscillator frequency at the 
receiver. This phase difference is caused by the different 
starting times of the transmitter and receiver and by the 
difference in distance from the source of the synchroniz- 
ing signal to the transmitter and to the receiver. There- 
fore, the first step during operation of the equipment is 
to make the inflection points of the sweeps coincide at 
the receiver. This is accomplished at the receiver in the 
following manner: a blanking voltage is derived from 
the A scope to suppress the 164-kc input to the dividing 
circuit exactly long enough to shift the phase of the tri- 


‘TIME DURATIO 


Fig. 3—FTI displays. 
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angle by a suitable amount. Alignment accuracy of +3 
psec is obtained. 


Transmitter 


Fig. 4 is a photograph and Fig. 5 is a simplified block 
diagram of the transmitter. The loop antenna at the 
top of the receiver cabinet receives the 164-kc synchro- 
nizing signal from Paris-Inter. 

Two servoloops are shown in the transmitter block 
diagram. Loop 1 slaves the frequency of the transmit- 
ting carcinotron to a reference law of frequency varia- 
tion provided by a voltage-controlled oscillator in loop 
2. Loop 2 serves only to fix the sweep-inflection fre- 
quency accurately, with the use of two crystal oscil- 
lators. 


Fig. 4—Transmitter. 
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Fig. 5—Block diagram of transmitter. 
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The tuning voltage applied to the carcinotron con- 
sists of the sum of two voltages: 


1) The basic triangular sweep. This is derived by 
integrating (and then amplifying) the square-wave 
output from the divider synchronized by the 164- 
ke signal. This voltage may result in deviations of 
about +30 mc from the desired linear frequency 
variation. 

2) A correction voltage is supplied by loop 1 as a re- 
sult of comparing the carcinotron frequency with 
the reference law of frequency. 


The reference law of frequency is generated in a volt- 
age-tunable low-frequency (27.25- to 31.75-mc) oscil- 
lator that has an extremely linear characteristic of fre- 
quency vs voltage. The output of the reference oscil- 
lator is applied to a multiplier that converts frequencies 
centered at 29.5 mc to frequencies centered at 236 mc. 
The actual reference signal is obtained by applying the 
output of the multiplier to a crystal mixer harmonic gen- 
erator, where the 14th harmonic is the appropriate ref- 
erence frequency for the carcinotron. 

The linearity of sweep obtained with this system is 
such that the peak-to-peak deviation from a straight 
line between 3100 and 3600 mc is less than 7 mc. Power 
output over the band varies less than +1.5 db from the 
nominal output value of 250 watts. 


Receiver 


Fig. 6 is a photograph and Fig. 7 is a simplified block 
diagram of the receiver. As in the transmitter, there is an 
auxiliary receiver for the 164-kc synchronizing signal. 
This signal is divided down to form a square wave that 
is integrated to form a triangular voltage that tunes the 
local oscillator in the receiver. The local oscillator is a 
voltage-tunable magnetron manufactured by the Gen- 
eral Electric Company. The output of the oscillator is 
applied to a balanced mixer. A low-noise traveling-wave 
tube is used as preamplifier to improve the receiver 
noise figure. 

The IF bandwidth of the receiver—and therefore its 
resolution—was 2 mc when the preliminary data to be 
discussed were obtained. To improve receiver sensitivity 
and resolution, this has subsequently been narrowed to 
about 300 kc. Even though the receiver and transmitter 
tuning triangles are synchronous and the tuning char- 
acteristics (frequency as a function of time) are nearly 
linear for both transmitter and receiver, the two laws 
of frequency variation are not sufficiently identical to 
keep the intermediate frequency within the pass band 
of the IF amplifier at all times. An AFC circuit is there- 
fore provided that can lock the two frequencies to- 
gether by applying a correction voltage to the local 
oscillator. 

Since the AFC loop is operated by the received sig- 
nal, a severe fade may result in loss of tracking. To 
facilitate the resumption of tracking after a fade, a low- 
frequency sine wave signal is superimposed on the tri- 
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Fig. 6—Receiver. 
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Fig. 7—Simplified block diagram of receiver. 
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angular tuning voltage applied to the voltage-tunable 
magnetron. In the absence of tracking, the local oscil- 
lator frequency is continuously “wobbulated” from 
linearity by an amount slightly greater than the ex- 
pected peak-to-peak deviation in the receiver and trans- 
mitter frequency laws. This wobbulation is about +10 
me. As soon as the mixer output frequency falls within 
the IF pass band, the AFC loop will lock and provide, 
as part of its correction voltage, a signal that cancels 
the low frequency sine wave. Audio frequencies near 
300 cps were used as wobbulation frequencies during 
the initial link operation. 

The output of the IF amplifier is detected and ap- 
plied to a direct-coupled audio amplifier with adjustable 
bandwidths (range about 500 cps to 80 kc). The signals 
from this amplifier are shown on either the A scope or 
FTI displays discussed above. 


DATA 


The link was placed in operation in November, 1958 
and preliminary propagation data were obtained for 
about one week. With the receiver IF bandwidth at 2 
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mc and a total swept band of 500 mc, the receiver could 
maintain frequency lock under swept conditions down 
to signal levels of —97 to —100 dbm. Using the re- 
ceiver modifications mentioned above—that is, reduc- 
tion of IF bandwidth to 300 kc and reduction of the 
band of frequencies covered to 200 mc—the receiver can 
maintain frequency lock under swept conditions for sig- 
nals down to about —110 dbm. 


A-Scope Presentation 


The A-Scope presentation shown in Fig. 2 is typical of 
those obtained under good operating conditions. 

Fig. 2 shows signals received on a single sweep as the 
link frequency is varied from 3100 to 3600 me. A straight 
line near the bottom of the display represents a severe 
fade, where the receiver AFC could no longer track. 
This level is at about —98 dbm. The duration of each 
loss of tracking during the particular sweep shown is 
less than 3 milliseconds. This means that in this case 
the AFC loop was capable of reclosing each time it had 
opened within less than one cycle of the audio search 
sweep frequency used to wobbulate the local oscillator 
frequency. 

The relatively low signal levels and poor tracking 
shown in the region between 3500 to 3600 mc were 
typical of much of the data obtained during link opera- 
tion. This phenomenon is not fully understood and re- 
quires further investigation. 

The upper trace of Fig. 2, especially in the region of 
very strong signals near the center of the band, shows 
an almost periodic variation of the received signal 
strength as a function of frequency. The periodicity in 
this amplitude pattern—the peaks (or nulls) repeat 
about every 17 mc—is not caused by the measuring 
equipment used on the link. 

A possible explanation for the periodicity is obtained 
by considering the simplified case of two-ray propaga- 
tion between the end-points of the link (the two rays 
being formed by the upper and lower half-power points 
of the antenna gain pattern). 

If the phase of the two rays arriving at the receiver is 
such as to give a certain vector sum at the receiving 
site, then at a frequency removed from the one under 
consideration by 1/7, where T is the difference in 
propagation time along the two-ray paths, the phase 
relationship between the two arriving vectors will again 
be the same as at the original frequency. Thus, the 
peaks (or nulls) in the pattern will be separated in fre- 
quency by 1/7. For a 17-mc separation, T is about 
0.06 usec, which is a reasonable value for the path 
geometry.* 

4 An expression for differential delay is given on p. 1163 of Craw- 
ford, Hogg, and Kummer.? Many interesting bandwidth data are 
presented in this paper based on narrow band experiments. For a 
bandwidth defined by a correlation coefficient of 0.6, the authors give, 
at frequencies near 4000 mc, and with 28-foot antennas, bandwidths 
varying from about 5 to more than 12 mc. This compares favorably 


with the 17 mc measured between nulls on the link described in the 
present paper. 
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This periodicity is much less distinct—perhaps com- 
pletely lacking—when the signal level has dropped as 
shown in the lower half of Fig. 2. These data were taken 
within seconds of the upper set. They show the exist- 
ence of a fairly rapid fluctuation in the median level of 
the signal. The fluctuation of signal strength here as a 
function of frequency is much more rapid than in the 
upper trace. This may be characteristic of lower signal 
levels. 


Fixed Frequency Signal Variation 


Fig. 8 shows an A-scope presentation for fixed-fre- 
quency operation of the link. In the top trace, the total 
trace period is 50 seconds and in the bottom trace the 
total trace period is 10 seconds. The maximum fluctua- 
tion rate shown in the photograph is about 1 to 2 cps 
for the fine structure variation in amplitude. Strong 


_ variations occur at a much lower rate, about 1 in 10 to 


15 seconds, as is shown fairly clearly in the upper trace. 
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Fig. 8—Amplitude variations at a fixed frequency. 


FTI Display 


Fig. 3 shows three typical FTI displays, each repre- 
senting a time duration of about 27 seconds with about 
25 seconds between successive frames. The direction of 
increasing frequency is right to left. The return trace in 
this display has been blanked and actually only one- 
half of the available data is presented. The rasters show 
the frequency range and the time duration for the 
maxima of the transmission (the light regions) as well 
as for the minima (the black regions). The range of sig- 
nal levels presented in these rasters is between —98 and 
—78 dbm, with a median estimated at about —88 dbm. 

These contours show that transmission is privileged 
at certain frequency bands within the entire band for 
periods up to 20 seconds. These privileged frequency 
bands may be as wide as 20 mc, somewhat wider than 
the coherent bandwidths expected for this link. More 
important than the width of the band is the slowness of 
the fluctuations of the peaks of these signals. When the 
signal fades at a given frequency (as shown by the 
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transition from a bright vertical streak in Fig. 3 to a 
dark or black region) there is not generally a contiguous 
region of frequencies where the signals become cor- 
respondingly stronger. 

A better understanding of the amplitude of the priv- 
ileged frequencies is obtained from the A-scope display 
in Fig. 2. We see that in the 500-mc region displayed, 
there are some frequencies where the signal is above 
—78 dbm, whereas, over the entire range, the median 
is estimated to be below —90 dbm. In other words there 
are privileged frequencies in this band where the signal 
strength of the transmission over the link is better than 
10 or perhaps 15 db above the median for that band. In 
this respect, Fig. 2 is typical of the results obtained. It 
is not necessary to use a 500-mc band to obtain a high 
probability of having a frequency in the band where 
the transmission is privileged by 10 to 15 db above the 
median of the band. 

The high probability of finding a signal 10 db or more 
above the median within a band of frequencies covering 
500 mc would indicate that the distribution of ampli- 
tude as a function of frequency is not a Rayleigh dis- 
tribution. For even if the correlation bandwidth is as 
small as 5 me (i.e., if there are 100 independent chan- 
nels in the 500-mc band), the probability of a signal in 
one of these channels being 10 db above median is 9.5 
per cent. The observed probability is much greater, and 
the number of independent channels appears much 
smaller than 100. Crawford, Hogg, and Kummer? point 
out that scatter links showing very slow fade rates—as 
observed here—are often not Rayleigh distributed. 
Whether this also relates to the lack of Rayleigh distri- 
bution in amplitude as a function of frequency remains 
to be determined as additional data are taken on this 
link. 


PossIBLE APPLICATION 


The preliminary results obtained make it interesting 
to speculate about the properties of a scatter link de- 
signed to seek an optimum transmission frequency. If 
such a system were used, transmission levels of about 
10 to 15 db above the median appear to be continuously 
available. To achieve similar performance in a conven- 
tional scatter link—that is, to keep the received signal 
level 10 db above median 99 per cent of the time—would 
require an increase in transmission power of about 28 
db. Even with a triple diversity scatter system, an in- 
crease in transmitted power of about 15 db would be re- 
quired to duplicate the performance of an optimum fre- 
quency-seeking system. Of course an optimum fre- 
quency-seeking system requires a rather wide band- 
width and some sort of a closed loop linking the trans- 
mitter and receiver. However, in many applications 
where this kind of system would be most desirable, 
bandwidth is ordinarily available, and the closed loop 
system is easily implemented. 
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FUTURE PROGRAM 


At the conclusion of data taking, a year from now, 
many of the questions raised by the initial data should 
be resolved, especially those pertaining to the nature of 
the signal peaks—that is, their time and frequency char- 
acteristics. A gross comparison will be made between 
the statistics of the peak signals and those of the mini- 
mum signals. As has been mentioned previously, a 
variety of climatic and antenna-feed conditions will be 
covered during the course of the data taking. 
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Energy Density in Continuous Electromagnetic Media* 


A. TONNINGt 


Summary—After a discussion of various types of linear electro- 
magnetic media, a general expression for the energy density for a 
lossless medium is derived by evaluation of the total influx of energy 
to a volume element. The result reduces to the commonly used ex- 
pression only if the medium is nondispersive. The physical signifi- 
cance of the extra energy term resulting from the dispersion is dis- 
cussed, and a general expression for the stored energy of an electric 
network is given. 


Il. INTRODUCTION 


Yj] \HE merit of a macroscopic description of electro- 
“| eee phenomena in matter is its simplicity, 

as compared with the more complete microscopic 
description. When the various field quantities are re- 
placed by their respective volume averages the effects of 
the complicated array of atoms and electrons constitut- 
ing the medium may be represented by a few parameters 
which are taken to be continuous functions of position; 
the medium itself is regarded as a continuum which is 
fully characterized by these parameters. A description 
of this kind is, evidently, satisfactory only in cases where 
the large-scale effects of the presence of matter is all 
that is desired, while the details of the physical phe- 
nomena occurring on an atomic scale may be neglected. 
Since the averaging process is linear, any linear relation 
between the microscopic fields remains valid for the 
macroscopic fields as well. This is not true, however, 
for relations involving quantities which are nonlinear 
functions of the fields such as those appearing in the 


* Manuscript received by the PGAP, April 28, 1959; revised man- 
uscript received, February 1, 1960. 
{ Norwegian Defense Res. Est., Bergen, Norway. 


momentum energy tensor.: These quantities have a well 
defined meaning in vacuum, but there is no reason to 
suppose that the same interpretation is valid when the 
true fields are replaced by their volume averages. Dur- 
ing the averaging process a large amount of information 
on the field distribution is clearly lost and it is not at all 
evident that the various physical quantities of im- 
portance are expressible in terms of the macroscopic 
fields. 

In this discussion we shall confine our attention 
entirely to the energy relations and thus derive an ex- 
pression for the energy density of a continuous, linear, 
time-invariant medium. It will be shown that the com- 
monly used expression is incomplete and that it is, in 
general, necessary to add a term which reduces to zero 
in the case of frequency independent media. 


II. GENERAL FIELD RELATIONS—EXAMPLES OF 
LossLEess MEDIA 


In terms of the macroscopic fields, Maxwell’s equa- 
tions are (mks units) 


OB 
VX Been, 
ot 


Crs ean (1) 
Ot 
VeD"= sp; 
Vine 


In addition, the fields satisfying these equations must 
satisfy certain relations imposed upon them by the 
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presence of the medium. These relations are the macro- 
scopic characteristics of the medium. Let us introduce 
a vector D’ by writing 


aD’ 
Pye 


_ The current density J determines D’ within an additive 
- constant. When a convenient choice of this constant is 
made, it is seen from the equation of continuity that 


V:-D’+p=0. 
- Hence the second and third equations in (1) may be 


— written 


tg 
GH —— (De 'D'):— 0, 


I 


V-(D+ D’) =0. 


' We shall assume that the current density J, and hence 

also D’, is uniquely determined by the electric field E. 
In this case we introduce no further restriction on the 
medium by replacing the sum (D+D’) by D. This is 
equivalent to setting J and p in (1) equal to zero, which 
is done in the following. 

We shall assume, without discussion, that the energy 
flux in the medium is given by the same expression as 
for vacuum, viz 


S=EXH. (2) 


The influx of energy to a unit volume during time di 


is accordingly 


0B oD 
—V-Sdt = (a+ z) dt. (3) 
OF ot 


A part of this energy is in general converted into heat 
and lost while another part is stored in the medium and 
may be recovered in the form of electromagnetic en- 
ergy. Particularly interesting are the media in which 
the process of building up an electromagnetic field is a 
reversible process. These are called lossless media. The 
mathematical criterion of reversibility is that the right- 
hand side of (3) is always a complete differential of a 
function u of E. H, D, and B. 


D 
(a by E~) Lm (4) 


u may also depend on the time derivatives of the fields. 
It does not, however, depend on time explicitly. Since 
the fields are functions of time, we shall for the sake of 
brevity write w=u/(t). 

The net energy absorbed by the unit volume from fo 


to tis 


= il “y.Sdi = ult) — u(?). (S) 


0 
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It is evident that if the fields and an appropriate num- 
ber of their derivatives have the same values at the 
instants fy) and 4, the net absorbed energy is zero. Thus 
the power absorption during a complete cycle of field varia- 
tion 1s always zero. If the fields are zero for t= — ©, u(t) 
will tend to a limit as t—>— ~, and since uw is only de- 
termined by (4) within an additive constant, we may 
always assume that this limit is zero. With this con- 
vention, u(t) is the electromagnetic energy absorbed by 
a volume element during the building up of the fields in 
the medium. As we have seen, u(t) is also the energy 
we may extract from the medium by reducing the mac- 
roscopic fields to zero. 

The definition of a lossless medium given above is un- 
conventional. It may, therefore, be worth while to con- 
sider a few examples and to show that the definition 
is equivalent to ordinary conceptions of a lossless 
medium. 

The simplest type of electromagnetic medium is char- 
acterized by 


D=cE, B=uH. (6) 


By insertion in (3) it is seen directly that the right-hand 
side is a complete differential of the function 


i= A(HOB BoD): (7) 


For nonisotropic media ¢ and mu are dyadics and the 
right-hand side of (3) may be written 


1 
Bh OL aes d(H-B + E-D) 


Loe oF a cs Fl é 
+—| (u hes Line keel 


where fi is the transpose of wu. 
The second term is not a complete differential for 
arbitrary functions H and E unless 


w—-p=0, <«—€=—0, (9) 


~ 


Hence ¢ and yu are symmetrical for a lossless medium. 
In that case the energy density is again: given by (7). 
Media characterized by the relations 
B=yHTEE 
D=yH+e£, (10) 


have been studied by Tellegen.! The condition of loss- 
lessness requires that u and ¢€ be symmetrical, and that 


£=4. Here again it is found that the energy density is 
given by (7). 


1B. D. H. Tellegen, “The Gyrator, a new network element,” 
Phillips Res. Repts., vol. 3; April, 1948. 
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The examples discussed so far represent very special 
types of linear media characterized by the fact that 
the vectors B and D at an arbitrary instant of time are 
uniquely determined by the values of H and E at the 
same instant. In general B(#) and D(¢) will also be influ- 
enced by the values of H and E prior to the time ¢. In 
such cases the relation between E and D may take the 
form 


D(i) = i ‘ KG = p-R@ de; (11) 


where the kernel K(r) defines the electric properties of 
the medium. It is convenient to carry out the discus- 
sion of such media in terms of time-harmonic fields. Let 
us introduce 


E(t) = Re { Ee’*}, (12) 
with similar notations for the other field quantities. The 
complex field amplitudes E, D- - - are in general func- 
tions of w. The relation (11) may now be written 


D=c-E, (13) 
where € is a function of w, 7.e., the medium is dispersive. 
The frequency dependent permittivity e(w) is, in fact, 
the Fourier transform of K(r). The great advantage of 
carrying out the discussion in the frequency rather 
than in the time domain is that this permits us to reduce 
the integral relation (11) to the algebraic relation (13). 

By the relation (11), the value of D at a given point 
in space is uniquely determined by the value of E at the 
same point. We may easily conceive of media for which 
the value of D at a given point is influenced by the val- 
ues of E at other points of space. An example of this 
type of medium is an electron beam. In the most general 
case, therefore, the simple integral in (11) must be re- 
placed by quadruple integrals extended over space-time. 

In the following discussion we shall avoid the intro- 
duction of explicit relations between D and B on one 
side and E and H on the other. Therefore the results 


~ will be valid for the most general linear, time-invariant, 


lossless medium. The discussion is carried out in terms 
of time-harmonic fields, in which case the condition of 
losslessness assumes a particularly simple form. In 
terms of the complex field amplitudes, we have, for the 
left-hand side of (3), 


—V-Sdt= —4 Re V-(E X H*)dt 


— 4 Rev-(E X He™*)dt, (14) 
where the asterisk denotes the complex conjugate. The 
criterion of losslessness requires that the above be a 
complete differential, which will be the case only if its 
integral, taken over a complete cycle of the fields, is 
zero. Since the fields are periodic, it is here sufficient to 
integrate over one period, and we find that for a lossless 


July § 


medium we have 


Re {V-(E X H*)} = 0, (15) 


which is a well known result. 
From (15) and the complex Maxwell’s equations 


VX E+ jwB = 0, 


VX H — jwD = 0, (16) 
it follows that 
Im (E*-D + H*-B) = 0. (17) 
Hence, for a lossless medium the function 
® = 1/4(E*-D + H*-B) (18) 


must be real for arbitrary complex vectors E and H, and 
for arbitrary real frequencies w. 

It follows that if the electric and magnetic properties 
of the medium are given by a permittivity tensor e and 
a permeability tensor B, respectively, then € and » must 


be Hermitian for a lossless medium. 


III. DERIVATION OF A GENERAL EXPRESSION FOR THE 
ENERGY DENSITY IN THE CASE OF HARMONICALLY 
VARYING FIELDS 


In the preceding section we defined the energy den- 
sity of a lossless medium as the energy absorbed by the 
medium during the build-up of the electromagnetic 
field. This definition is not directly applicable to har- 
monically varying fields, because these are not zero for 
t= — ©. We shall avoid this difficulty by evaluating the 
energy density for the case when the fields are given by 
(12) with w a complex constant 


Se + ye; (19) 


where w , o are real, and o is negative and numerically 
small. The fields are then zero for t= — ©. After having 
found the energy density for this case we shall take the 
limit of the expression when o—0 as the energy density 
for a harmonically varying field. This seems to be a 
satisfactory procedure, since fields that are harmonic in 
the strictest sense never appear in a physical experi- 
ment. ; 
From (3), the energy density is found to be 


1 
“= -{ V-Sit = > (H-B + E-D) 


aB aH aD dE 
H.-—— Be p—|. (20) 
at al at at 


® as given by (18) is clearly the time average of the 
first term in (20) for harmonically varying fields. We 
shall see, however, that this expression is incomplete 
since it neglects the contribution from the integral to 
the right in (20). 
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A simple calculation shows that 


p aD 5 dE : rat are 
—$ === — ss ot] se 
ee A we mVEe=)). (21) 


_ Assuming that the fields are analytic functions of fre- 
' quency, and writing 


De ix Dy, (22) 


we have 
A A ra re) A 
D(w) = Do + ja — Do, (23) 
OW 9 


where the higher order terms in the Taylor expansion 
_ have been neglected since o is small. From (21) and (23) 
_ we then find 


ee pe “in| (BB 
/ E-— — D-— = — we *' Im . 
ot ot ca Sa ® 
ee SoD, Ae OE 
are ul MOP E,*: = Dy ) 6) (24) 
006 Ow 9 


The analogous expression for the magnetic fields is ob- 
_ tained from (24) by replacement of Eby Hand Dby B. 
_ When the two expressions are added and the condition 
- of losslessness (18) is remembered, we obtain the follow- 
ing expression for the integrand to the right in (20): 


a Waal cen”. 
eS IT = — woe" Re < E,*: = Dy 
g 0a0 wdo 
Peoge.) 3 Obs 
+ Ho*-—— — Bo : 
09 dw 


- and consequently 


t Wo A aD Ep A 
-{ idt = — Re E,*- — —-D,* 
at 2 dw dw 


where we have put ¢=0. 
Here the sum in the brackets is real. This is seen by 


differentiating (18), which must be valid for every real 


value of wo, 


pe ee oe) Out <a 8Bo 
1m | By + Eq — + B+ ft l= 0, 


Ow Ow Ow Ow 


and noting that nothing is altered in the above if we 
take the complex conjugate of the first and third terms, 
changing their signs simultaneously. 

The total stored energy in a unit volume element 
averaged over one period is accordingly 


“=D +S, (26) 
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where @# is given by (18) and 


Gime ods dbs. = OB 4 eH 
Cee fe py ee | (27) 


Ow Ow Ow Ow 


The expression (26) may evidently also be written 


oh Geta ae see ae oe 
a Eg Dy = Dt 
4 Ow Ow 


i ee oH . 
+ H* — (wB) — — B+], (26a) 
dw Ow 


The result (27) may be written in more compact form 
if we make use of the fact that @, as given by (18), is a 
nonanalytic function of frequency. Therefore, its deriva- 
tive along the imaginary frequency axis is different from 
its derivative along the real axis. Writing 


@ =) bye (\ and og real), 
Ww = W,. yw, 


(@, and w; real, and #; = 0 on the real w axis), 


we find from (27) that 


0 
Ss =@— ;. (28) 


0c 


If the electromagnetic properties of the medium are 
given by a permittivity tensor ¢ and a permeability 
tensor @, we have from (27) 


Ones Ce) (commen 6) a 
sa" (Ae) e+ oa (— i. (29) 

4 Ow 4 Ow ~ 
Here it is evident that s is zero if « and pw are inde- 
pendent of frequency. Even for more general types of 
media, s will be nonzero only if the medium is disper- 
sive. For that reason it seems appropriate to call s the 
density of dispersion energy. 

In many cases we are free to prescribe the frequency 
dependence of E and H. In particular, when E and H 
are independent of frequency, the expression (26) takes 
on the concise form 


a=wto Pant (30) 


IV. PHysIcAL SIGNIFICANCE OF THE 
DISPERSION ENERGY 


Consider again the case in which the electromagnetic 
properties of the medium may be expressed by two 
tensors € and wu. From (26a) it follows that the mean en- 
ergy density may be written 

bs peu S26 \ + fe Me A> 31) 
“= — B= (His) a Ci (ay) MO be 
4 dw ~ 4 da 3 
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Since the energy density cannot be negative, we find 
that, for any lossless medium the tensors 0/Ow(we) and 
8/dw(wu) must be positive definite (or semidefinite) for 
every real w. This condition is satisfied by the ¢ and be 


derived from the common models of lossless media, e.g., 
the permittivity given by (33) or (34). From the loss- 
lessness of the medium it follows that the tensors must 
be Hermitian. The tensors jwe and jay are therefore 
characterized by the same properties as the impedance 
matrices of lossless electric networks. 

Let us consider the still more specialized case of a 
medium which is isotropic and homogeneous. The 
tensors then reduce to scalars. Suppose that a plane 
electromagnetic wave is propagating in the medium. 
The intrinsic impedance of the medium and the wave 
number are, respectively, 


an 
a /* 
€ 
Under these conditions the expression (31) for the en- 
ergy density is reduced to 


—|é AR 


= w/eu. 


ve dk 


‘ ae (32) 


On the other hand, the density of power flow is given 
by the Poynting vector 


lie A ian, 
=54/~ 12h 
2 Ke 


Hence, the velocity of energy flow is 
| S| dw 
0S SS 
ut dk 


which is the well known expression for group velocity. 
It is thus seen that the velocity of energy propagation 
is equal to the group velocity. Clearly this will not be 
found to be the case if the dispersion energy is neglected. 
Pelzer® has derived an expression for the energy density 
equivalent to (32) by requiring that the velocity of en- 
ergy propagation is the group velocity. 

A few simple models of dispersive media will be con- 
sidered in order to gain some insight into the physical 
significance of the dispersion energy. 

The propagation of plane electromagnetic waves in 
ionic crystals has been discussed by Huang and others.® 
The electric field will cause the ions to vibrate around 


2 H. Pelzer, “Energy density of monochromatic radiation in a dis- 
persive medium,” Proc. Roy. Soc. (London) A, vol. 208, pp. 365-366; 
September, 1951. 

Tike Huang, “On the interaction between the radiation field and 
ionic crystals,” Proc. Roy. Soc. (London) A, vol. 208, pp. 352-365; 
September, 1951. 


their equilibrium positions, thus giving rise to a mechan- e 


ical wave which will be propagated in conjunction with 


the electromagnetic wave. The permittivity of a crystal ; 


of this type is 
(6 = a)wo” 


6 0 ae ee ee 
wo? — w@ 


_ (33) 
where a, b, and w,? are characteristic constants of the 
crystal. Huang discusses the various modes of propaga- 
tion and gives explicit expressions for the mechanical 
and electromagnetic energy. When our expression for 
the dispersion energy is compared with Huang’s results, 
it is found that the maximum value of the density of 
kinetic energy of the ions ts equal to the density of disper- 
sion energy. On the other hand the term 1/4 €| Z|? is not 
equal to the electric field energy. From (33) it is evident 
that this term may even become negative for frequen- 
cies in the neighbourhood of wo, and it appears to have 
no clear physical significance. The sum of the density 
of mechanical and electric energy given by Huang 
is equal to our expression (32), as, of course, it must be. 

A medium with a simpler structure is a gas of free 
electrons in vacuum. If the plasma frequency is denoted 
by wp», the electric permittivity is 


@ 
€ =o(1 — =), 
ae 


where €9 is the permittivity of vacuum. Since (34) is a 
special form of (33), the remarks made above are valid 
in this case also. When we evaluate the energy density 
associated with a plane wave from (32) we find 


(34) 


i = 4] E |e, (35) 
1.e., the energy density associated with a plane wave in 
this type of medium is, for a given electric field, inde- 
pendent of the plasma frequency; it will have the same 
value as in vacuum. 

In the two examples discussed above the dispersion 
energy was closely associated with the kinetic energy of 
the charge carriers. This is not always the case. A 
medium may be dispersive even if all its stored energy is 
electromagnetic field energy. As an example of this type 
of medium, let us consider a so-called artificial dielectric, 
é.g., an array of metal spheres of infinite conductivity 
arranged in a three-dimensional lattice in vacuum. If 
the positions of the spheres are fixed, the stored energy 
is clearly electromagnetic. On the other hand macro- 
scopic field quantities may be introduced in the ordinary 
manner as volume averages, over volumes sufficiently 
large to contain a number of spheres. The permittivity 
obtained in this way will depend on the number of 
spheres per unit volume, on their diameter, and on the 
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wavelength of the incident radiation. Therefore, the ip 
medium is dispersive and contains a dispersion energy on 
which in this case must be purely electromagnetic. Pa 
- The simple examples mentioned above suffice to show 

that, in general, the dispersion energy cannot be iden- 

tified as any particular form of energy. If we refuse to 
consider the microstructure of the medium, confining Wf. 
our attention entirely to its macroscopic properties, it f 
‘does not seem possible to assign any separate sig- 
nificance to the various terms of which the energy den- 
‘sity @ consists. However, the sum # has a clear physical 
significance as the energy per unit volume that may be 
extracted from the medium by reduction to zero of the 
“macroscopic electromagnetic fields. The interesting 
outcome of this discussion is, therefore, that neither the 
electromagnetic energy nor the kinetic energy of the 
_charge-carriers is determined by the macroscopic fields. 
These quantities can only be found by considering the 
“microstructure of the medium, 7.e., the type of mech- 
-anism which is the source of its macroscopic properties. 
Accordingly, in a theory which is strictly macroscopic, : 
these quantities have no place. The macroscopic theory In order to find an expression for the stored energy, 
is not concerned with the various forms in which energy Maxwell’s equations are differentiated with respect to 


may be stored in the medium. Its concern is the amount frequency 


Fig. 1—Waveguide junction. 


2 of energy that has been absorbed by or may be ex- 0k 9 
tracted from the medium. VY <= 4 j= Geb) = 0 
f Ow Ow 
oH 
V. Toe ENERGY OF AN ELECTRIC NETWORK Vex cee Re (wD) = 0, (36) 


_ The results obtained above will now be applied for the 
evaluation of the stored energy of an electric network. 
- Let the network be a waveguide junction, as indicated oH : aE 
in Fig. 1. It is bounded by a surface of infinite conduc- iv -(& x — — H*X ~) 
tivity, perforated by a number of transmission lines. dw dw 
_ The cross sections of the transmission lines are of arbi- 
_ trary form and may be simply connected, as for ordinary 
rectangular or circular waveguides or multiply con- 
- nected, as for coaxial lines or double-wire shielded lines. Oy comparing this with (28), and integrating over “ne 
_ The only assumptions made about the medium in the yolume V, the stored energy of the network is found, 
interior of the junction are that it is linear and that it 
is independent of time. The medium in the transmission re f ; 
ee. ; . =f dV 
lines is assumed to be characterized by a scalar per- = 
- mittivity € and a scalar permeability wu, both independ- 2 
~ ent of frequency and both homogeneous in the direction = fees (é y oH _ AK 
parallel with the transmission lines. The fields in the AS retype: dw dw 
~ transmission lines will be referred to the reference 
Beplanes-11, 12, *:-, perpendicular to the axes of the where the surface integral is taken over the terminal 
i guides. The volume bounded by the junction, the walls planes of the network. Let the network excitation be 
~ of the transmission lines, and the terminal planes is de- given by the tangential component of the magnetic field 
~ noted by V. Let the tangential component of the elec- over the terminal planes igee Ts, 2, and let this 
tric field E on the reference planes be given. The field tangential component be kept independent of fre- 
- is monochromatic, having a frequency w. The tangential quency. Then (37), is equivalent with 
- component of the magnetic field H over the reference as ; / 
_ planes may then be found by solving Maxwell’s equa- (ee (H* X E*)-nds. (39) 
tions throughout the region V. A dw J ry47 H+: 


and we obtain 


Fine api .. OE 
=: (6D)-E*— oD* ——® 


Ow Ow 


ce ea .. OH 
= — (wB)-H* — wB* — + 
Ow Ow 


dE 
~ dS MSD) 


ecot =: 


Se a 


et te 


encima 


ea eae 


43.4 


As is well known, terminal voltages and currents may 
be defined by expanding the fields in terms of the normal 
modes of the transmission lines, and by then identifying 
the voltage V; and current J; with the coefficient of 
expansion for the electric and magnetic fields respec- 
tively. Only the modes propagated by the transmission 
lines are coupled to each other through the junction. 
Hence, if the sum of the number of modes propagated 
is V, we have an JN terminal pair network. The electric 
and magnetic fields at the terminal planes are char- 
acterized by the NV dimensional column vectors v and i 
respectively.* Since the network is linear, these vectors 
are related by 


v= Zi (39) 
where the impedance matrix Z is square, and is of Nth 
order. It may be shown that 


i: (H* x E*)-n = 7*Zi. (40) 
Dye Bet +a 


‘For further details see C. G. Montgomery, R. H. Dicke, and 
E. M. Purcell, “Principles of Microwave Circuits,” McGraw-Hill 
Book Co., Inc., New York, N. Y.; 1948. 
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Hence, 7 being independent of frequency, 


This formula is well known for more special types of 


networks, and is usually taken to be the electromagnetic — 


(41) — 
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field energy.4 However, this interpretation is not correct © 
if the network includes dispersive media. In that case © 
the field energy is not determined by the impedance — 
matrix and the excitation of the network, but is also — 


dependent on the structure of the medium. U, as given 


by (41), is the amount of energy that may be extracted — 
from the network by connecting suitable load imped- — 


ances to the network terminals. 
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Resonant Antenna Array with Tilted Beam* 
ELISABETH M. RUTZt ; 


[Bes described antenna array is a resonant wave- radiating elements is obtained in resonant arrays; this : 
guide array. The radiation maximum is tilted off means that the.radiators are spaced at intervals of a | 
broadside; this beam tilt is obtained by a constant half guide-wavelength. For the required additional 180° | 
phase difference between the admittances of successive phase-shift the slots are placed on alternate sides of the 
radiating elements. — axis of the waveguide. A short-circuiting plunger which 
In microwave antennas in which the radiating ele- is placed approximately one-fourth guide-wavelength 
- ments are fed in cascade from an RF transmission line, from the center of the last radiating slot terminates the 
_ the phase of the field radiated by each of the radiating array. There is no attenuation in a line loaded with ele- 
3 elements is determined by three factors: 1) the position ments which are spaced at half-wave intervals; the wave 
of the radiating element along the transmission line; reflected at the short-circuit termination will give in- 
_ 2) the phase velocity in the line; and 3) the admittance phase excitation. Power dissipation in a matched ter- 
- of the radiating element. The direction of the radiation mination is avoided; this fact is especially important in 
- maximum is determined by the relative phase of radia- comparatively short arrays. 
tion of the array elements. A phase difference of the A five-slot waveguide array at C-band frequencies 
- radiation of adjacent array elements will result in a tilt was designed to test the principle; the design parameters 
of the main beam. are given in Fig. 1. The center element of the array is 
The described linear array is a slotted waveguide ar- resonant; the elements toward the input terminals be- 
| are longitudinal shunt slots. In the come increasingly shorter than the resonant length, and 
array the radiating elements are fed in phase; a dif- the symmetrical elements become increasingly longer. 
ference in phase of the admittances of successive slots The constant phase difference between the admittances 
~ results in a phase difference of the radiation of succes- of successive radiating elements is 32°. 
sive elements. Advantage is taken of the fact that the To obtain impedance match, the sum of the conduct- 
~ field across a longitudinal shunt slot is proportional to ances of the radiating elements has to be equal to the 
the slot admittance.! characteristic admittance of the transmission line and 


At microwave frequencies, in-phase excitation of the the sum of the susceptances has to be zero. Since the 
conductance of the shunt slots off resonance decreases, 


ray, the radiators 


* Manuscript received by the PGAP, Babe 15 ae aie their distance from the center of the waveguide has to 
oy Ps : : : : 
ee Md Beech Laps. a-divieion. 2 oe be increased to assure that for uniform illumination each 


1R. J. Stegen, “Waveguide Slot Measurement Techniques,” slot respresents a conductance to the waveguide of 


‘ i i é #202: , Read A 
A ateeiach Co, Los Angeles, Calif., Technical penny’ 7° G=G)/5, where Go is the characteristic admittance of 
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Fig. 1—Resonant array with tilted beam. 


the waveguide. The susceptances of the radiating ele- 
ments which are symmetrical to the array center are 
conjugate; the sum of the susceptances, therefore, be- 
comes zero. 

The described antenna array has the low loss char- 
acteristics of resonant arrays. The angle which the radi- 
ation maximum forms with the normal to the linear 
array is 7°, as shown in Fig. 2. The phase of the radiation 
of the shorter elements is advanced compared to the 
phase of the radiation of the longer elements; therefore, 
the radiation maximum is tilted towards the side of the 
array with the longer elements. 
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Fig. 2—H-plane pattern of five slots resonant array. 


Van Atta Reflector Array* 


E. D. SHARPT anp M. A. DIABT 


Summary—tThe Van Atta reflector array is an array in which the 
elements are interconnected to reradiate received energy back in the 
direction of arrival. Scattering cross section measurements on a four- 
by-four Van Atta array of sixteen dipoles are presented. This array 
reflects over a wider angle than the typical corner reflector, but is 
sensitive only to incident waves in the frequency band of and having 
the polarization of the dipoles. 


R. L. C. Van Atta has devised a method of inter- 

connecting the elements of an antenna array so 

that the incident energy is reradiated back in 
the direction of arrival.1 An antenna array can be made 
into a reflector array by a simple interconnection of the 
radiators. The radiators that are equidistant from the 
array center are interconnected in pairs with lines of 
equal length. Equal line lengths are needed so that an 
equal phase delay occurs in each interconnecting line. 
The Van Atta array is capable, in principle, of reflecting 


* Manuscript received by the PGAP, February 18, 1960. The 
work reported in this paper was done at Rome Air Development 
Center, Rome, N. Y. 

+ Stanford Research Institute, Menlo Park, Calif. 

t Rome Air Development Center, Rome, N. Y. 

1 Electromagnetic Reflector, U. S. Patent No. 2908002, Serial 
No. 514040; October 6, 1959. 


a wave incident at any angle from end-fire to broadside, 
but its performance is limited in practice by the direc- 
tivity of the radiators. 

To understand how the array operates, imagine a 
plane wave incident upon a linear array. The plane wave 
induces signals in each element having the phase shown 
in Fig. 1. After the energy has traveled through the 
equal-length interconnecting lines, the relative phases 
of the reradiated waves are reversed, as shown in Fig. 2. 
A study of the figure shows that the relative phases of 
these waves are of the correct value to cause the antenna 
to reradiate back in the direction from which the plane 
wave arrived. The same reasoning applies to a two- 
dimensional array, the interconnections of which are 
shown in Fig. 3. 

The scattering cross section of the Van Atta reflector 
array can be derived from the definition? 


PR 
P; 
2 D. E. Kerr, “Propagation of Short Radio Waves,” M.I.T. Rad. 


Lab. Series, vol. 13, McGraw-Hill Book Co., Inc., New York, N. Y., 
p. 333 1951. 
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Fig. 1—Phasing of the array for the receive condition. 
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Fig. 2—Phasing of the array for the transmit condition. 
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where 
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o is the scattering cross section, 
P; is the power density of the plane wave incident 
” upon the reflector, and 
Pr is the reflected power density at a receiver a 
distance, R, away from the reflector. 


The power received by a Van Atta array is equal to the 


_ product of the effective area, A,, of the array and the 


_ incident power density, P;. If there are no reflective or 


dissipative losses in the array, all of the received power 


is reradiated and the reflected power density at the re- 


ceiver a distance, R, from the array is 


(2) 


where G is the gain of the array. For any antenna the 


- gain and effective area are related by 


G= 4 A iN (3) 
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where X is the free-space wavelength. Eliminating A, 
from (2) by use of (3) and substituting the result into 
(1), the scattering cross section of the Van Atta array is 


G?)? 
Ar 


(4) 


CG = 


At Rome Air Development Center a four-by-four 
array of sixteen half-wavelength dipoles mounted one- 
quarter wavelength above a reflector was constructed 
and interconnected with equal line lengths, as shown in 
Fig. 3. The scattering cross section of this array was 
measured and compared to a flat plate of the same 
aperture area.*-+ A scattering cross section pattern taken 
at 2850 mc, the resonant frequency of the dipoles, in the 
plane perpendicular to the dipole axis, is shown in Fig. 
4. The approximate theoretical scattering cross section 
in the same plane is also shown in Fig. 4. 

The theoretical scattering cross section of the array 
can be derived by noting that the gain of an array is 
defined? as 


(5) 


where ®nax is the radiation intensity at the peak of the 
beam and P is the total radiated power. For an array 
of » half-wavelength dipoles excited with currents of 
equal amplitudes, spaced one quarter-wavelength above 
a conducting plane, and with the beam positioned in the 
plane of Fig. 4 at the angle of incidence 9, the radiation 
intensity at the peak of the beam is 


Bmax = (n60| Io |2/m) sin? (" cos s) (6) 


where J, is the peak current at the dipole terminals, and 
where sin (1/2 cos 6) is the H-plane pattern of a dipole 
plus its image in the conducting plane. The total power 
radiated by this array is the sum of the powers radiated 
by each dipole, 


P = n| Io|?Rin/2, (7) 


where Rj, is the input radiation resistance of one dipole. 
Therefore, the gain of the antenna is 


G = (480 n/Rin) sin? (= cos a). (8) 


Because of mutual coupling between dipoles, the input 
radiation resistance of each dipole is a function of the 
angle of incidence and the dipole position in the array. 
As an approximation, these particular mutual coupling 
effects are neglected and the input radiation resistance 


3 Eugene D. Sharp, “Properties of the Van Atta Reflector Array,” 
Rome Air Development Center, N. Y., RADC Technical Rept. 58- 
53, AD-148684; April, 1958. . Mic 

4]. A. Fusca, “Compact reflector has ECM potential,” Aviation 
Week, vol. 70, pp. 66-69; January 5, 1959. 

5S. A. Schelkunoff and H. T. Friis, “Antenna Theory and Prac- 
tice,” John Wiley and Sons, New York, N. Y., p. 179, 335; 1952. 
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Fig. 4—Scattering cross section pattern of a Van Atta array of half- 
wave dipoles in a plane perpendicular to the dipole axes. 


is assumed to be a constant and equal to that for an 
infinite array of half-wavelength dipoles spaced one-half 
wavelength apart and radiating normal to the array, 
Rin =153 ohms.® Substituting this value of input radia- 
tion resistance into (8) and using the relation that the 
aperture area of such an array of dipoles is A =n)\?/4 
[to eliminate in (8)] and then substituting the result 
into (4), the approximate theoretical scattering cross 
section of the array tested is 


aa) sin (= ae a) | (9) 


which is plotted in Fig. 4, normalized to the scattering 
cross section of the flat plate. It can be seen from (9) 
that the approximate theoretical scattering cross sec- 
tion is proportional to the element power pattern 
squared, considering the element to be a dipole plus its 
image. 

The measured scattering cross section decreases 
faster than the approximate theoretical value at large 
angles of incidence. In part, the discrepancy between the 


.°H. A. Wheeler, “Radiation resistance of an antenna in an in- 
one array or waveguide,” Proc. IRE, vol. 36, pp. 478-487; April, 
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theory and measurement is due to the assumption that — 
the input radiation resistance of the dipoles is a con- — 


stant. Calculations of the input impedance of half- 


| 


? 
C 


wavelength dipoles in a large array show that in the 


plane measured, the input radiation resistance increases 


as the angle of incidence increases.’ For example, at — 


6=45°, Rin~173 ohms but at 6=0°, Rin~153 ohms. 
Since the input radiation resistance would enter (9) as 
the factor (1/Rin)*, a correction of 1.1 db should be sub- 
tracted from the approximate theoretical-value shown 
in Fig. 4. Another effect causing the measured value to 
be low is the mismatch between the dipoles and inter- 
connecting transmission lines. As the angle of incidence 
increases, the reactive part of the dipole input im- 
pedance increases; e.g., if we again take a specific value 
at 0=45°, we find that the input reactance is nearly 
equal to the input resistance, causing a mismatch loss 
of about 1 db at each end of the interconnecting lines, 
and thus giving a second correction of about 2 db to be 
subtracted from the theoretical value shown in Fig. 4. 
Correcting the approximate theory at 8=45° by sub- 
tracting a total of 3.1 db makes the agreement between 


‘theory and experiment better. Another effect, which is 


large in a small array, is the variation of input reactance 
and resistance with dipole position in the array; this 
variation causes phase errors in the received and re- 
radiated signals, further decreasing the array gain and 
scattering cross section. 

The Van Atta array tested compared favorably with 
the corner reflector. The Van Atta array maintained a 
high scattering cross section over a 50 per cent larger 
angle than the typical corner reflector and, for the same 
scattering cross section, the Van Atta array is some- 
what smaller in cross sectional area. The corner reflector 
is not limited to any particular frequency band or polari- 
zation, while the Van Atta array is limited to the fre- 
quency band and polarization of the radiating elements; 
however, these limitations may not be too severe for 
many applications. The Van Atta array can be made to 
reflect a wave of any polarization by arranging that half 
the radiators be vertically polarized and half horizon- 
tally polarized or by using circularly polarized radiators. 
The frequency band of operation can be made quite 
large by use of wide-band radiators such as the conical 
helix and other frequency-independent antennas. 


7™P. S. Carter, Jr., “Mutual impedance effects in large beam 
scanning arrays,” to be published in IRE Trans. on ANTENNAS 
AND PROPAGATION. 

*S. D. Robertson, “Targets for microwave nagivation,” Bell Sys. 
Tech. J., vol. 26, pp. 852-869; October, 1947. 
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A Circular Loop Antenna with Nonuniform 
Current Distribution* 


J. E. LINDSAY, JR.t 


Summary—An analysis for the far field of a filamentary loop 
antenna with nonuniform current distribution is presented. In order 


_ to obtain a possible current distribution, an analogy between a circu- © 


_ ilar transmission line and a parallel-wire transmission line is made. 
This analogy yields a standing wave of current similar to that found 
on a lossy parallel-wire line. 

Considering only the far field of the antenna, the differential ex- 
pressions for magnetic flux density are set up and the resulting equa- 
tion is solved. The solution gives the magnetic flux density at a dis- 
tant point from the antenna. 

Loops with uniform current and loops with sinusoidal current dis- 
_ tributions are shown to be special cases of the general solution. To 
verify the validity of the assumed current distribution, the experi- 

mental patterns of a loop 1) long are compared with calculated pat- 
- terns. Results indicate that the field solutions are probably applicable 
_ to loops many wavelengths long. 


a 
NEED FOR INVESTIGATION 


O PROBLEM is encountered in evaluating the 
| \ radiation characteristics of a loop which is small 
with respect to the wavelength of operation. 
Here one assumes a uniform current distribution, and 
_ the field intensity expressions are easily formulated [1]. 
For a larger loop, a more realistic current distribution 
_ must be found. It is for this condition of operation that 
_ field expressions are sought. 
A search through the available literature shows a 
- limited amount of information on loop antennas whose 
dimensions are appreciable with respect to wave- 
length [1-6]. Certain papers assume a current distri- 
bution which is sinusoidal [3-5]. Glinski, however, 
pointed out in his paper that the assumption of a 
- sinusoidal current distribution led to a noticeable devi- 
~ ation from experimental results for loops as small as 3h 
[2]. In order to obtain more realistic results, Glinski 
assumed a current distribution similar to that found 
on a lossy parallel-wire transmission line. To simplify 
‘his analysis, he retained only the first few terms of an 
infinite series expansion of the differential field ex- 
pressions. This restriction, however, limits his results 
- to loops of 3, or less. The work to follow assumes the 
current distribution of a lossy, uniform transmission 
~ line, and then proceeds to an exact solution for loops of 
all sizes when they possess such a current distribution. 


* Manuscript received by the PGAP, March 21, 1959; revised 
manuscript received January 21, 1960. A summary of the contents of 
a thesis submitted to the Faculty of the Graduate School of the Uni- 
versity of Colorado in partial fulfillment of the requirements for the 
degree Master of Science, Department of Electrical Engineering. 

+ Elec. Engrg. Dept., University of Colorado, Boulder. 


FORMULATION OF THE CURRENT DISTRIBUTION! 


We will consider the circular loop to be a deformation 
of a shorted parallel-wire transmission line. Let s be the 
distance measured along the line (or the loop) from the 
shorted end. The current distribution is given by 
I(s)=Iz, cosh ys, where y is the propagation constant 
of the line and J; is the current at the shorted end. In 
terms of an angular measurement ¢ (from the shorted 
end) the current on the loop may be given by 


I(s) =f; cosheyRe, (1) 
with R as the radius of the loop. 


OBTAINING THE FAR FIELD EXPRESSIONS 


The e* factor will be dropped for brevity but is 
implied as being present in the equations to follow. 

As indicated in Fig. 1, two differential current ele- 
ments, Jydl,; and Isdlz, are located ¢ radians from the 
load end of the loop, and the differential magnetic 
vector potential expressions are formulated in terms of 
these elements. Since only the far field effects will be 
considered, the distances 7, 71 and r2 are very nearly 
parallel. These conditions yield 


ITze-78 cosh vRE 


dA =p [dZ e471 + d[ye84r2|, (2) 


A4rry 


Upon taking the curl of (2), discarding near-field terms, 
expanding the exponential terms by a Fourier-Bessel 
series, and finally integrating with respect to ¢, one 
obtains the following magnetic fields: 


GO On + Car 
By = — 2yR F(ro) sinh yRe +3 Oe 
: ' (yR)? = (yR)? + (2n)? 


Ax ae Bet 


ney 3 
» GRE + On — ra oe 


n=1 


(yR)? = ae 


1 Recent measurements of the current distribution on a slotted 
tubular semicircular loop above a ground plane show the lossy trans- 
mission line analogy to be quite accurate. A loss value of aR=0.11 
nepers was calculated for a 34 semiloop. This compares closely to the 
0.1-neper value assumed in this paper. 
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Fig. 2—Comparison of experimental and 
theoretical patterns, Cut 1. 


where & is any integer; and 


By = 2yRF (ro) sinh yR {20 2 AG ay Am 
= Gay) POU ONG YA eee 
emia GRY St (yR)? + On — 1)? 
= Brags a Be, 
woo) (3b) 
nar (YR)? + (2n)? 


(yR)? ie k?, 


where k is any integer. In the above, for brevity, the 
following notation has been used: 


An=Jo(z2') [cos 6 cos ¢ sin 2nw-+sin 6 cos 2nw | 
B,=Jnon(z') | —cos 0 cos sin 2nw+sin 6 cos 2nw| 
Cn = Jon-1(2") | —cos 6 cos @ cos (2n—1)w 
+sin 6 sin (2n—1)w| 
Dn=Jon-1(2') [cos 6 cos @ cos (2n—1)w 
+sin 6 sin (2n—1)w] 
Ay! =Jon(2’) sin @ sin 2nw 
Bry’ = Joan_i(2’) sin @ cos (2n—1)w 
2’ =BRV/1—sin? 6 sin? d 
W=Tan“! (—tan 6 cos ¢) 


| BRulze-i8” 
NG) =) 
Arro 


Fig. 3—Comparison of experimental and 
theoretical patterns, Cut 2. 


Fig. 4—Comparison of experimental and 
theoretical patterns, Cut 3. 


SPECIAL CASES OF THE GENERAL SOLUTION 
Uniform Current Distribution: Upon replacing the 
cosh yR¢ current distribution factor with 1 in (2) and 
integrating, one obtains in place of (3), 


Bs = == 20F (70) Ci (4a) 


and, 


Bo = j2aF (ro) B's. (4b) 

Sinusoidal Current Distribution on a Loop an Integral 
Number of Wavelengths Long? For this condition the cur- 
rent distribution factor cosh yRf—cos BRE. Integration 
then gives 


= een ona haeee BR= 2k, k= 1, 2s 3, “att GB (5 ) 
VEG PONCE Bea) ep Rae s 
and 
= ate — B’,), BR= 2k, (sb) 
WE (1) (A’p-1 = A's), BR = 2k — il, 


* Choosing the length an integral number of wavelengths allows 
the solution to be presented in closed form. However, the method is 
still applicable for nonintegral wavelengths. 


tk Ce tee 2 eae 
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EXPERIMENTAL VERIFICATION FOR A Loop 1X 
IN CIRCUMFERENCE 


Three major cuts in the far zone field pattern were 
chosen for comparison of experimental with calculated 
patterns. They are: 


Cut 1: ¢ = 0, 0<0< 27 
Tv 

ED acecret 0<0< 27 

Cuts: @=—, 0<¢< 2r. 


Refer to Fig. 1 to visualize these cuts. 

The patterns are normalized with respect to the pat- 
tern corresponding to Cut 2. A value of aR=0.1 nepers 
was chosen for the calculated patterns. The comparative 
results are shown in Figs. 2—4 for Cuts 1, 2, and 3 re- 
spectively. (In Cut 3 it was impossible to keep the feed 
line normal to the polarization of the illuminating E 
field, resulting in a poor comparison for Cut 3 in Fig. 4.) 


CONCLUSIONS 


It might be pointed out that the series converges 
quite rapidly. In fact, only one term of each series was 
used to calculate the given curves. It appears that the 
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above results will allow prediction of the radiation 
characteristics of the loop whose circumference is many 
wavelengths. 
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Pattern Synthesis Using Weighted Functions* 


p. A. BRICOUTT 


Summary—An increase in the accuracy of the synthesis of a 


pattern by a collinear array of equispaced radiators is obtained by 


expanding, in trigonometric series, the function to be generated, 
multiplied by a weight function 1+&(x). When &(x) is a polynomial, 
an exponential function, a trigonometric function of the variable or a 
product of these, the changes in the coefficients of the expansion can 
be computed accurately, by using simple formulas. 

To evaluate the method, a numerical example related to the 
synthesis of a dissymmetrical pattern with sharp cutoff requirements 
is given and it is shown that, using the same number of terms (i.e., 
the same number of physical radiators), the accuracy of the syn- 
thesis and/or the slope of the pattern can be increased by a factor of 
approximately 20 per cent. 


INTRODUCTION 


HE synthesis of a very dissymmetrical pattern by 
a-collinear array of equispaced radiators normally 
requires a relatively large number of elements, 


* Manuscript received by the PGAP, February 26, 1960. The 
work reported here has been carried out under Wright Air Dev. Ctr. 
Contract AF33(600)37292. : i 

+ Emerson Res. Labs., Silver Spring, Md., a division of Emertron, 
Inc. Formerly with Litton Industries, College Park, Md. 


especially when sharp cutoff in a prescribed direction is 
required. 

The conventional method is based on the expansion 
in series of the desired pattern in terms of harmonics of 
the phase function y, whose coefficients are given by 
Fourier’s formula. 

The decrease of the relative error when the number 
of terms increases is relatively slow and the purpose of 
this paper is to investigate if it is possible to increase 
the accuracy given by a limited number of terms, or 
otherwise to make the best use of the aperture of the 
antenna. 

This problem is mathematically possible for two 
reasons. First, it is well known that Fourier’s coeff- 
cients, giving the smallest possible value to the integral 
of the square of the error taken with an equal weight at 
all points of the pattern when the series is infinite, are 
not the best for alimited expansion. Second, the excellent 
performance of Tchebycheff polynomials T,,(«) is be- 
cause of the fact that they synthesize the impulse 


i 
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function at x=+1 with a ee TSE weight and it is h is an undetermined constant which shall be choca 
known that they give to the integral for maximum. accuracy. | 


The expression of Af()e(y) using conventional 


eae de (x = cos W) Fourier formulas gives a new set of coefficients propor- 
1 V1 — # tional to h, which can be written: | 
its minimum value. It is obvious that the weight is in- | Gy = hd, (ay ta 
oe Sys Nov elen = aE t®) cori esnouding ae and are to be added to the first ones (dy, by). Let the — 
ee aS anger a ee aah’ ether Pee : original and the corrected expressions be symbolized by 
It is then logical to give a larger weight to the points ey 
of the pattern where the accuracy requirements are Sa eeae Y5(6);6) = siete 
more stringent, but this can be done in an infinite ‘ . » 
number of ways and should not result in too much de- The best value for h is found, according to the method 
terioration of the pattern at any other point. of least squares, by writing that the integral of the 


It can also be proven that the coefficients! of alimited square of the error of the corrected expansion is a mini- 
expansion in sin mW and cos mW can be chosen so that mum or 
the weighted square of the error integrated over the 2 
whole range of the variable is minimum. of 

The solution of this problem gives an expansion which v 
has the maximum possible accuracy for a limited 
number of terms. 

Contrary to the conventional Fourier formulas, which "4 
always give the same value for a given coefficient, dis- if 
regarding the number of terms of the expression, all 


iw — Do (ap + Gp, bp + 5 | dy = 0. 


0 


The expression of the integrand is 


lm - E (as, bn) | ay 


0 


v1 ¥ 
coefficients will now have values depending on the length 2 9y . ee ene | wa X d 
of the expansion. The methods of Fejer’s sums and of ¢ Yo he ~ sinbal x On, He) ay 
factor? are known ways for improving the accuracy of nH 2 
a limited series but a more direct and effective ap- air me f | aie w)| dy = K — 2Bh+ Ah’. 
vo " 


proach is now proposed. 
K and B being positive, since they are the integral 

, grals 

PRINCIPLE OF THE METHOD of squares, the trinomial has a minimum for 


Let f(W) be the desired pattern expression in terms 


v 
of the phase angle Y and approximated by a limited f | — > (a, i) | X DS Ap uz) dy 
trigonometric series of m harmonics. Nfs B vo L n n ae 
f(W) ~ a + a1, cosy + a2 cos 2y + ascos3p+--- [-[ xo us) | av 
PD) YP. 
+ a, cos ny + ¥o % 
+ b:siny + do sin 2) + b3sin3y+--- All numerical computations can be made exactl 
ys 


EL using relatively simple formulas, in the very general 
case where the desired pattern can be expressed in 
The synthesis is required only for ¥o<w<yi and no terms of polynomials, exponential functions, and the 
radiation [f(W) =0] is desired outside of this interval. product of both types of functions of the multiples of 
But a sharp cutoff at Y= and Y=yY is more difficult the variable. All integrals of the type 
to obtain when the number of terms is smaller and it is . ‘ 
well known that the sharp edges of the discontinuous fe ee His dx f ee we oy d 
functions are smoothed by the approximations, COS Lx cos mx ‘ 
To compensate, let us expand instead of f(p) 


fw) = fW[1 + he] 
the weight function w(W) being chosen so that: 


are known and can be expressed in finite terms. 


NUMERICAL EXAMPLE 


The expansion of the trapezoid 
1) e(Y) is approximately proportional to the rela- 


tive error of the limited expansion in series; f(x) =1— 3 x aes <n< z 

2) the mean value of e() in the interval Wo) <y <y is “th 4 4 
equal to zero. 

tg vg 

f(x) =0 SS 

1D. Jackson, “The Theory of Approximation,” Amer. Math. 4 4 


Soc., New York, N. Wericoms ©1930) 
2C, Lanczos, “ ‘Applied Analysis, ” Prentice- Hall, Inc., New York, where x is an angle in radians (converted in degrees on 


INDY Ch.24 551956; the figures), by the conventional Fourier series limited 
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TABLE I 


2 
fej=1——x 


Tv 


f(x) = 0 


Ge ES Sy 08 Pa 
4 


4 
2 
w(x) = 1 +n(— — cos 2) be 0e53021 
Tv 
Fourier Coefficients Corrections Weighted Coefficients 
Pp Ap bp Ady Abp ap bp 
0 0.25 0 0.25 
1 0.45016 —0.06150 —0.01352h —0.01648h 0.45570 —0.06694 
4 0.31831 —0.10132 —0.04736h —0.02471h 0.30267 —0.10948 
3 _0.15005 —0.10687 —0.27557h —0.06552h 0.05905 —0.12851 
4 0 —0.07958 —0.10610h —0.00562h —0.03504 —0. 
5 —0.09003 —0.03355 es 


> pw es & Oo YY & ») — & 


-60 -50 -40 -30 -20 “10 ° 10 20 30 40 50 60° x 


_ Fig. 1—Approximations to the trapezoid (solid thin line) by the 


Fourier expansion limited to the first 4 harmonics S4 (dotted 
line), by the same weighted Sy» (solid heavy line) and by the 
Fourier expansion of 5 harmonics Ss (mixed line). 


s to the first four harmonics (S:) or to the first five (Ss), 


given on Table I and Fig. 1. The approximation is poor 


and the accuracy of the expansion is better than “+10 


; per cent within only 26.1 per cent of the (—7/4, 7/4) 
_ interval for S, and 44,4 per cent for Ss. 


>a wre 


The weight function 


wi) =1+ (= — cos 2) 


us 


_ which increases sharply at the ends of the interval and 
is smaller than unity for «=0, is then applied and the 


Ap, Mp and h are computed as explained. 

Table I and Fig. 1 show the results. The weighted. 
expansion of four harmonics Sj, is nearer to the trap- 
ezoid than the two uncorrected S4 and Ss and its error 
is smaller than +10 per cent within 51.1 per cent of the 
(—71/4, 7/4) interval (as compared to 26.1 per cent and 
44.4 per cent for Su and S;). This means practically that 


9 suitably fed and equispaced radiators can give a 


slightly better accuracy than 11 equispaced radiators 


whose intensities and phases are found by the conven- 
tional Fourier analysis. 


For evaluating the method in an unfavorable case, 
let us try to synthesize with isotropic sources the theo- 
retical pattern expressed in phase angle y by 

E=0.5 
» = 0.0314 


y in degrees 


e= E(1+ ee") forfy<v<y 
eal) for V<W,y>yW 


This pattern synthesizes the P =cosec? W cos’? p pat- 
tern with less than 4 per cent error within the range 
7.5° <W<114.5° of the variable. The sharpest possible 
cutoff is required at the ends of interval. 

As a first approximation, let us expand the desired 
pattern in Fourier series using the conventional formu- 
las. The coefficients have been computed up to the tenth 
harmonic and are found in the left side of Table II. Fig. 2 
shows the desired pattern and the approximation ob- 
tained with six, eight, and ten harmonics, using these 
coefficients. The approximation increases slowly with 
the number of terms (approximately as 1/7). Let us try 
to improve the expansion containing eight harmonics 
only, for better accuracy and sharper cutoff. The 
largest errors occur at edges of the pattern and some 
ripples proportional to C sin 8 (Y—y,) are found on the 
Fourier pattern. 

A composite weight function, plotted on Fig. 3, 


wb) = 1+ aeA%-¥0) 4 beBU-Y) — ec sin (W — ¥), 


whose values are opposite to the errors to be compen- 
sated and where a=b=1.1, k=1.025 has been chosen 
and expanded, using conventional formulas. The new 
coefficients are found in Table II and the new approxi- 
mations are compared to classical ones in Fig. 4. 

The product of the required pattern by the weight 
function is now expanded in series and this gives a new 
set of coefficients, which are a second-order approxima- 
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TABLE II 

Fourier Coefficients Corrected Coefficients 
p p P ap Pp 
0 0.16769 0.19093 
1 more ae 0.21220 0.29031 
2 —0.02976 ‘ 2 ieee 
3 0.02287 0.03811 HON eset 
4 0.05200 0.09285 ners en tio 
5 —0.01787 0.07645 ee aeeeey 
6 0.00713 0.02378 ete rere 
7 0.02566 0.05556 rahe atosie 
8 —0.01254 0.04908 0. . 
9 0.00332 0.01661 0.01263 0.02731 
10 0.01628 0.03938 ee te ee 

Fourier Corrected 
Errors: 


8 harmonics 10 harmonics 8 harmonics 
0.0866 0.0619 0.0597 


M dratic error 
ee 0.1878 ‘0.1305 +0.1124 


Maximum absolute error 
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Fig. 2—Approximation to the theoretical pattern by Fourier expan- 
sion limited to the first 6, 8, and 10 harmonics, The theoretical 
pattern is drawn in solid line. 


tion. When the undetermined factor is changed, the dif- 
ference between each new set and the first approxima- 
tion is increased proportionally. The change in the co- 
efficients resulting from this adjustment can be easily 
computed. As the exponential weight function vanishes 
very quickly, its effect is limited to the edges of the pat- 


tern, and the integrals 
vo sin m 
i a ¥ d 
vo cos mp 


y : 
i Ly ee my F 
10 cos my 
depend only on one of their limits and are given by 
simple formulas of the type 


C,{sin my, + sin mw o| ae m|cos my, + cos myo| 
C3 + m? ; 
Ci[cos mp, + cos mo] + m[sin mp; + sin my o| 


Cz + m? 


The new coefficients are found in Table II and the new 
approximation is compared to classical ones (Fig. 3). 


Wi) 
1,10 
1.05 
100 

0.95 
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Fig. 3—Weight function w(y) used for increasing. approximation. 


Fig. 4—Comparison of approximations to theoretical pattern (in- 


terrupted line). Conventional Fourier expansions limited tothe first — 


8 harmonics (dotted line) and the first 10 harmonics (mixed line). 
Corrected expansion limited to the first 8 harmonics (solid line). 


The corrections apply to all coefficients but are dif- 
ferent for each of them. The largest changes occur for 
underlined values. The weight functions must be made 


very small to avoid overcorrections. Fig. 3 shows, at | 


enlarged scale, the approximation given by the Fourier 
expansions and by the corrected expansion. 

The mean quadratic error of the corrected 8-term ex- 
pansion is 31 per cent smaller than the 8-term and 
slightly better than the 10-term Fourier expansions. 
This means that 17 radiators can be made as effective 
as 21, using a proper feed. The method is general and 
avoids the solutions of large sets of simultaneous 
equations. 


CONCLUSION 


A mathematical method for increasing the accuracy 
of pattern synthesis by using weighted functions has 
been explained and exemplified. 

The corrections to conventional Fourier coefficients 
are obtained by simple formulas and it is possible to 
obtain the optimum performance for a given aperture 
of the array. 
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On the Excitation of Electromagnetic Surface 
Waves on a Curved Surface* 


JAMES R. WAIT} 


Summary—tThe excitation and propagation of surface waves on 
a spherical inductive boundary are considered. The source is taken 


SPHERICAL MODEL 


to be avertical electric dipole. The circumferential attenuation rates 
of the various modes are discussed where it is indicated that the 
dominant mode is very similar to the trapped surface wave for a 


It appears to the present writer that the simplest 
model for discussing the influence of curvature is a 
spherical surface which is excited by a radial electric 


plane inductive boundary. The results appear to conflict with those 
of Barlow, but are in sympathy with some numerical data of Elliott 
for the circumferential attenuation rate of the dominant mode. 


dipole source. In terms of a spherical coordinate system 
(r, 0, @), the spherical surface which is defined by r=a 
exhibits an inductive reactance. That is, the boundary 


INTRODUCTION condition 


\ SURFACE wave in electromagnetic theory is usu- Ep = — iXHy atr=a (1) 
ally associated with a disturbance gliding along 
f an interface between two dissimilar media. When 
the interface is plane and the lower medium exhibits the 
property of surface reactance, it is known that a wave 
_may be excited which travels along the interface with- 
- out radiation.! Examples of such surfaces are dielectric 
coated plane conductors and corrugated or comb struc- 
tures. For excitation by a vertical electric dipole, for 
example, the existence of such a trapped surface wave 
hs requires that the surface be inductive.” Any loss in the 


structure produces attenuation. 


is assumed where X, the surface reactance, is a positive 
real number. The source is a vertical electric dipole at 
r=a and 6=0. Because of symmetry, the only non- 
vanishing field components are Es, Z, and Hy. A formal 
solution to this problem has been previously given by 
Wait Essentially it is an extension of the Van der 
Pol-Bremmer theory for’ a homogeneous dielectric 
sphere.® 

For present purposes, the relevant solution (for a 
time factor exp iwt) may be written in the following 


The influence of curvature of the surface may be ex- form; 
pected to modify the characteristics of the electro- E, = EF 
- magnetic field. A physical discussion of the influence of where 


‘curvature has been given by Barlow.** He indicates 29 ba\ 16 
that radiation from the surface wave is accompanied by R= — g-in/4 (=) 
a backward tilt of the equiphase surfaces resulting in a (sin 6)? 2 
departure from a pure radial distribution of the field. exp [—it.(Ra/2)1/%0] w(t, — y) 
~ He states this has much of the same result as a physical aS, pare ee (2) 
obstacle in the space outside the surface, because it sets : a : 
up an interference pattern. On the basis of Barlow’s 
_ physical argument, the resulting reflected field provides 
for an increased rate of power flow outwards. While this 
seems like an interesting idea, it is not at all convincing 
to this writer. Furthermore, the radial solution adopted 
_by Barlow involves Hankel functions of the first and 
' second kind and thus does not satisfy the radiation con- 
dition at infinity. Nevertheless, Barlow’s conclusions 
are not unreasonable from a physical viewpoint. How- 
ever, from a quantitative standpoint, it would appear 
‘that his results cannot be accepted. 


where Ep is a reference field to be described below,’ and 


where 
Ra\il8 X A\ 1/8 
os ee Mae (=) 
g i) ees 


h=r-a, k = 2x/wavelength, 


and f, are roots of 


dw(t) 


— qw(t) = 0 (3) 


5 J. R. Wait, “Radiation from a vertical antenna over a curved 
stratified ground,” J. Res. NBS, vol. 56, pp. 230-240; July, 1956. 
For a similar treatment, see also K. Furutsu, “On the excitation of 
waves of proper solutions,” Proc. URSI Symp. on Electromagnetic 
Theory; to be published. 

6B. Van der Pol and H. Bremmer, “The diffraction of electro- 
magnetic waves from an electrical point source round a finitely con- 
ducting sphere, with applications to radiotelegraphy and the theory 
of the rainbow; the propagation of radio ve over sah es 

i indri ” Proc. IEE, vol. 106, pp. 180-185; ducting spherical earth,” Phil. Mag., vol. 24, pp. -176, July, 
; Sela cee ee oe 1937; vol. 24, pp. 825-864, November, 1947; vol. 25, pp. 817-834, 
7 4. M. Barlow, “Surface waves supported by curved boundaries,” June, 1938; vol. 27, pp. 261-275, March, 1939. 

Proc. URSI Symp. on Electromagnetic Theory, June, 1959; to be 7 Eo is the radiation field of the dipole if it were placed on the 
_ published. x ; surface of a perfectly conducting plane source. 


* Manuscript received by the PGAP, February 6, 1960. 

+ Natl. Bureau of Standards, Boulder, Colo. 
; 1H. M. Barlow and A. L. Cullen, “Surface waves,” Proc. IEE, 
vol. 100, pt. III, pp. 329-347; November, 1953. ; ] 
i 2J.-R. Wait, “Excitation of surface waves on conducting, strati- 
- field, dielectric-clad, and corrugated surfaces,” J. Res. NBS, vol. 59, 

pp. 365-377; December, 1957. ’ 

| 3H, M. Barlow, “The power radiated by a surface wave circulat- 
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where w(t) is an Airy integral function.* The above ex- 
pression for the radial electric field at height 4 above 
the spherical surface is valid under the assumptions 
that 


(ka/2)1/8 >> 1, XK120r ohms, and h<Xa. 


These conditions, which are not overly restrictive, 
greatly simplify the mathematics, yet the important 
features of the problem are retained. 


THE DOMINANT SURFACE WAVE MODE 


It is first desirable to search for the root of the above 
equation which, in the limit of ka—~, corresponds to 
the trapped surface wave mode on a flat reactive surface. 
Replacing w(t) by the first term of its asymptotic ex- 
pansion (valid when the real part of ¢ is large), the root 
determining equation reduces to 


(#14 — gt-1/4) exp (23/2) = 0. (4) 


The real part of this vanishes when 
t=hHh= q’ 


which is the required solution. This corresponds to a 
wave which varies azimuthally in the manner 


ka\ 1/8 
exp ifs ate (~) | 


= exp [—ika(1 + X2/2n02)| 
& exp [—iks 1+ X?/m0?] (5) 


where s=aé is the distance measured along the surface 
from the source. This wave propagates along the surface 
in an unattenuated fashion and has a phase velocity 
c//1+X2/n in accordance with expected behavior for 
a flat surface.! 

The next most obvious step is to consider higher- 
order inverse powers of ¢ in the asymptotic expansion of 
the Airy function w(t). This leads to a solution of the 


q 


(6) 


Consequently, 


) xX 
BF &> e—*/4(Qarks) 1/2 — (1 + 


0 16q° 


1 
x exp | —its(x4/200( 1 Alfred Zed 
2q° 


a s )I. (7) 


In the limiting case of a flat earth (i.e., gq), this 
reduces to 


FS e!*(Qrks)"?(X/mo) exp [—iks(X?/2n0?)] (8) 


8 In terms of Hankel functions of order one-third, 


w() = exp (— 2vi/3)(— ni/3)tin® | (=) (— pe] 
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which agrees with a previous analysis.’ 
Eq. (6) indicates that the influence of curvature is to 


retard the phase of the surface wave as a result of the 
correction factor (1+1/2q - - -) which is greater than. 


July 


* 


; 
| 


' 
| 
; 


, 
4 


unity. It is interesting to note, however, that this cor- 
rection factor, which is obtained from an asymptotic 
development of the Airy function, is always real even 


if a large number of terms are retained. Thus, in this 
asymptotic sense, the curvature does not produce at- 


tenuation. To obtain the attenuation constant it is 


necessary to return to 


w'(t) — qw(t) = 0 (9) 


where the prime indicates differentiation with respect 
to ¢. A perturbation method is quite convenient here 
since a first-order solution for fo“? may be obtained from 
the asymptotic solution. Then a second-order solution 
to is obtained by expanding w’(t) and w(t) in a Taylor 
expansion about fp. Thus 
[w’ (to) — qw(to)] 

+ (t — to) [w! (to) — gw’ (to)] 0 (10) 
where higher-order terms in (t—to) have been neg- 
lected. Using 


w(t) — tw(t) = 0, 
it follows that 
w! (to) — grotto) 


{p92 YAO — : 
to w(tpD) — gw’ (to) 


(11) 


In this way a second-order approximation may be ob- 
tained from a first-order approximation. The process 


may be repeated and it appears to converge. Using this 


method, the root tp) does become complex although the 
imaginary part is extremely small. The real and imag- 
inary parts of ¢) are plotted in Figs. 1 and 2 as a function 
of gq where they are indicated by the label ka. If ka 
is not extremely large, it is not permissible to use the 
Airy approximation adopted in this paper. The case 
where (ka/2)'/? is not large compared with one, requires 
that the root ¢) be calculated from an equation involving 
spherical Hankel functions of complex order. For certain 
values of ka and X, such results have been reported by 
R. S. Elliott.° They were obtained on a high-speed 
digital computer. Using the numerical data from 
Elliott’s paper,® the corresponding values! of Re tp and 
Im ¢) are shown for ka =60, 120, 480 and 960 as a func- 


*R. S. Elliott, “Spherical surface wave antennas,” IRE TRANs. 
ON ANTENNAS AND PROPAGATION, vol. AP-4, pp, 422-428, July, 1956; 
“Azimuthal surface waves on circular cylinders,” J. Appl. Phys, 
vol. 26, pp. 368-376, April, 1955. 

0 Elliott’s y is related to t) by ya=ka+(ka/2)"8 to; also his 


parameter 
€0 6g 
ee ——— tan k(a — 8 
€ 0¢+ Or ( ) 


is equivalent to X/120r. 


‘J 
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Fig. 
of g, the normalized surface reactance. 


Fr 


tion of g (which is simply related to X). It appears that 
‘ka= curves are asymptotic to the curves for large 
but finite ka. 


OTHER MODES 


In addition to the root fo, there are other roots (not 
mentioned by Elliott®), denoted #1, tz, -- * , etc., which 
‘have relatively large imaginary parts corresponding to 
large attenuation. These roots, which are also solutions 
of (9), may be obtained from the corresponding solu- 
‘tions for g=0 and q=~. 
For g=0, the roots ¢=?, are solutions of 


w'(l.) = 0, (12) 
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whereas, for g= ~, the roots t=#,” are solutions of 
wt.”) = 0; (13) 
Writing 
i, = (2) ee ehivele (Ae? ex (Fyre, 
y) 2 
it is seen that x, and y, are the roots of 
Joj3(%s) — J2j3(%s) = 0 (14) 
and 
Jij3(ys) + Srsye) = 0, (15) 
respectively. Thus 
lo” = 1.0199 onus 
ty° = 3.2482 e hy? = 2.3381 e 
to? = 4.8201 e to” = 4.0879 € 
t39 = 6.1633 e ts? = 5.5206 e 
f= 7.31 22 ta” = 6.7867 € 


where e=e7‘*/8, The root for s=0 corresponds to the 
surface wave described above. The numbering of the 
nonzero orders is arranged so the imaginary part of 
t; continuously increases. 

Noting again that w’’(¢) —tw(¢) =0 for any ¢ and that 
w’ (ts) —qw(ts) =0, it is seen that the differential equation 
for the ¢;,, for any q, is 

dts 1 


—_ = as . (16) 


Solving this under the initial conditions, 
t=, at ¢g=0 
and 
t, = 


t° at gq=. 


Fock,!! as well as Van der Pol and Bremmer,’ has shown 
that 


1 1 1 
Regen roet gust (Gent 8 ra : 
7 ch we 
ee can: 3 ani? i oe 
and 
fee tae | 
t(q) = t° + P oe 3 + yi 
uh Stee (18) 


uy, A, Fock, “Diffraction of radio waves around the earth’s 
surface,” J. Phys. USSR., vol. 9, pp. 256-266; April, 1945. 
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heights the function G must eventually change from a 


The series involving powers of g may be used for ‘ually a 
decreasing to an increasing function if the surface is 


s=0, 1, 2, 3---+and it includes the “surface wave” 
root fo. The series involving powers of 1/q may only be 
used for s=1, 2, 3 - - - since the initial value is an awk- 
ward infinity. As described above, the root ¢o for large 
but finite g is obtained from the series of the form 


5 
al 
S20" 


or more adequately from values given in Figs. 1 and 2. 

For a purely inductive surface, where g is a real posi- 
tive quantity, the imaginary part of fo is very much less 
than the imaginary parts of f1, fa, fs, - - + , etc. Thus, in 
most cases of practical interest, the field in the vicinity 
of a curved reactive surface is determined by the surface 
wave mode. 


(19) 


HEIGHT-GAIN FUNCTIONS 


It is also of interest to examine briefly the height-gain 
function. It is given by 


ae w(to — y) 


20 
w(to) ( ) 


being the ratio of the field at height h to the field on the 
surface. It is possible to obtain numerical values by 
using tables of the Airy function (or the related Hankel 
function of order one-third) of complex argument. 

For reasonably low heights (7.e., yK1) the height- 
gain function may be approximated by 


—kh 
> exp (—yq) = exp On. 


which corresponds to the behavior over a flat boundary 
whose surface reactance is X. The field in this case de- 
cays rapidly above the surface. However, for greater 


(21) 


curved. This is to allow for leakage as suggested bys 
Barlow. This is also quite evident from the asymp- 
totic expansion of the function w(to—y), given by 


xp | -i— Cea = i=| (22) 


w(to = y) = 7 


1 
aa 
(y¥— iy)" 


This is valid when y— Re to>>1. Furthermore, since 
. < 
(y te to) 3/2? = wil? a pytl2 
2 
and —Im ¢«Re ¢, it follows that 


| w(to)G | =~ ac exp (—y!/? Im fo). (23) 
yll4 

Thus at large heights (but still ha), G is increasing in 

magnitude since Im tp <0. However, the function G does 

not continue to increase when h becomes comparable or 

large compared to the radius a; then the field has a 

radiation character. 


FINAL REMARKS 


The model adopted in the present paper appears to 
be an adequate first approximation for studying the in- 
fluence of curvature on surface wave propagation. It is 
shown that it is not necessary to introduce a wave “re- 
flected from outer space” in the manner suggested by 
Barlow. Furthermore, the results in the present paper 
seem to confirm the earlier analysis of Elliott. Barlow+ 
had questioned the attenuation rates computed by 
Elliott and thought that they were too small. 
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Note on “The Excitation of Electromagnetic 
Surface Waves on a Curved Surface”* 


H. M. BARLOW} 


must by its very nature extend to an infinite dis- 


Syn the field associated with a pure surface wave 
tance from the supporting surface, any physical 


_ obstacle outside the surface necessarily produces radia- 


tion. It does this by setting up a field reflected from the 
obstacle. In practice, a perfectly homogeneous medium 
extending to infinity outside the supporting surface is 


- impossible to achieve, and consequently it is important 


to consider the effect on the behavior of the wave of a 
discontinuity deliberately introduced into the  sur- 
rounding medium. Barlow,! referenced by Wait,’ at- 


tempts to examine that problem in relation to the 


particular case of a surface wave circulating in azimuth 
around a highly reactive cylindrical surface. Previously, 


* Manuscript received by the PGAP, February 15, 1960. 

+ Elec. Engrg. Dept., University College, London, Eng. 

1H. M. Barlow, “Surface waves supported by cylindrical sur- 
faces,” Proc. URSI Symp. on Electromagnetic Theory, June, 1959; 
IRE Trans. ON ANTENNAS AND PRopaGATION, vol. AP-7, pp. 147— 


~ 153; December, 1959. 


- 


2 J. R. Wait, “On the excitation of electromagnetic surface waves 


~ on a curved surface,” this issue, p. 445. 


no consideration had been given to the mechanism by 
which an obstacle outside the surface modified the field 
distribution, but the analysis for which Elliott? was 
originally responsible and which has now been con- 
firmed by Wait, using a somewhat different approach, 
emphasizes the exceedingly low level of radiation which 
would be expected to arise when the medium is per- 
fectly homogeneous and the surface is only slightly 
curved. 

Some preliminary experiments made here very re- 
cently seem to indicate a substantially higher level of 
radiation than would be expected from the Elliott-Wait 
theory, and while it is yet too early to draw any con- 
clusions from this work, there is an implication that 
reflected fields from obstacles outside the surface do 
play an important part in a practical case. 


3 R. S. Elliot, “Spherical surface wave antennas,” IRE TRANS. ON 
ANTENNAS AND PROPAGATION, vol. AP-7, pp. 422-428, July, 1959; 
“Azimuthal surface waves on circular cylinders,” J. Appl. Phys., 
vol. 26, pp. 368-376; April, 1955. 


The Structure of HF Signals Revealed by an Oblique 
Incidence Sweep Frequency Sounder* 


D. J. DOYLE}, E. D. DUCHARME}, anp G. W. JULLt 


sounding at oblique incidence lies not only in its 
application in furthering basic studies of the iono- 
sphere, but also in its potential importance as a means 
to obtain improvement in present HF prediction serv- 
ices. The technique by which multipath and signal 
structure are examined across the HF band through the 


A YHE current interest!* in sweep-frequency pulse 


* Manuscript received by the PGAP, February 12, 1960. The 


work was carried out under PCC No. D48-28-01-07 of the Defence 


Research Board. -— 
+ Defence Res. Telecommunications Est., Ottawa, Ont., Can. 


1. Warren and E. L. Hagg, “Single-hop propagation of radio 


waves toa distance of 5300 km,” Nature, vol. 181, pp. 34-35; January, 


1956. 
2G. W. Jull and W. L. Hatton, 


“Tonospheric studies at oblique 


incidence over a 600 mile circuit,” Canadian IRE Convention Record, 
pp. 110-113; October, 1958. 


3P. G. Sulzer, “Sweep frequency pulse transmission measure- 


“ments over a 2400 km path,” J. Geophys. Res., vol. 60, pp. 411-420; 
December, 1955. 


use of narrow sounding pulses permits unambiguous 
identification of propagation modes and indicates the 
frequency dependence of ionospheric signals. Of par- 
ticular interest are studies of transmissions near the 
MUF (maximum usable frequency) in the region of 
predominantly specular reflection, and just above the 
MUF in the region where extensions of the band have 
been observed. 

The intent of this communication is to present a de- 
scription of preliminary oblique sounding trials that are 
designed to investigate the signal structure dependence 
on frequency over a 960-km East-West circuit between 
Halifax, Nova Scotia, and Ottawa, Ontario. The sound- 
ing transmitter in Halifax delivers narrow (10-ysec 
width), shaped pulses of 100-kw peak power, and a 
10-cps PRF, into a rhombic antenna. The transmitter 
is step-tuned regularly through the HF band from 1 to 
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(a) 


25 mc, and remains on each 100-ke step for one second. 
A wide-band (100-kc) logarithmic receiver situated at 
Shirley Bay, near Ottawa, is similarly step-tuned 
through the band in synchronism with the sounding 
transmitter. The relatively high power of the trans- 
mitter permits studies on signals above the MUF, in 
spite of the wide receiver bandwidth. A prearranged 
program ensures reception of the sounding signals, 
while synchronism of the transmitter PRF with the 
time base of the receiver display units is maintained 
through the use of two highly stable crystal oscillators. 
The sounding program is repeated every five minutes. 
Along with the normal recording of the receiver signals 
as oblique ionograms, the signals can be photographed 
from an “A” display, using a 35-mm camera. 

A three-dimensional model has been constructed 
from “A” display recordings taken during one sweep so 
that the frequency dependence of ionospheric mode fine 
structure can be clearly illustrated. This model is illus- 
trated in plan view in Fig. 1(a) in the conventional 
form of an oblique ionogram, with frequency as the 
abscissa and path delay time as the ordinate. The signal 
level dependence with frequency for the various propa- 
gation modes is illustrated in Fig. 1(b). (The signal 
levels on the model are as received and no correction 
has been made for system gain variations with fre- 
quency.) The modes identified in Fig. 1 are character- 
istic of observations during a summer day on this cir- 
cuit. There are a number of important fine structure 
features which are best understood with reference to 
this three-dimensional ionogram. 

1) The £-layer transmission mode controls the cir- 
cuit MUF, and an important feature of the E-layer 
transmission is the relative strength of the E-layer 
high angle ray (Ey in Fig. 1), which is observed 
to extend 3.5 mc below the circuit MUF. Very 
little, if any, ionospheric focusing of the low and 
high ray is seen to take place at the circuit MUF. 


(b) 


Fig. 1—Three-dimensional model illustrating signal strength and multipath dependence on frequency (14:37 EST June 12, 1958). Neg 
shown as a conventional oblique ionogram with the regular ionospheric modes noted: Ez and Fiz denote low angle rays for the ee an 
F,-layer signals, respectively. Ex and Fiz denote high angle rays for the E- and F,-layer signals, respectively. O and X aes ae er 
and extra-ordinary ray components for the F.-layer signals. (b) Model illustrating signal strength dependence on frequency with additiona 
modes noted: Fp—additional stratification caused by a traveling wave disturbance. Fs—scatter from the base of the Fi layer. Es—ex- 
tension of E-layer signals beyond the Z-layer MUF. 


2) The Fi-layer rays exhibit a multiplicity of addi- 
tional modes which are not to be expected on the 
basis of first-order magneto-ionic theory. In addi- 
tion to the regular ordinary and extra-ordinary 
polarization components, several additional modes 
exist which can be explained with some degree of 
certainty. The first is the additional set of high 
angle signals Fp which have been identified as an 
additional stratification at F;-layer heights caused 
by a traveling disturbance moving across the 
transmission path. Vertical sounding observations 
at Ottawa, which confirm this, show a similar 
stratification during the period of oblique record- 
ing. The second mode Fs which can be identified 
is scatter from the bottom of the Fi layer. 

During the period of observation the #-layer signals 

were found to have a strong scatter component, which 
has two important effects on the frequency dependence 
of the signals. Fig. 2(a) illustrates the median signal 
level observed on five consecutive five-minute sounding 
runs following the observations on Fig. 1. (The £ layer 
shows relatively little change during this recording 
period.) The rise in signal level from 10 to 12.5 mc re- 
sults from a decrease in the nondeviative absorption 
with frequency. It is observed that the E#-layer high 
angle ray (ordinary ray component) is not more than 
10 db below the strength of the low angle ray over the 
frequency band from 10 to 12.5 mc. There is clearly no 
pronounced focusing at the MUF (13.4-13.7 mc). The 
delay times associated with these modes are shown in 
Fig. 2(b). Above the MUF, the signal strength de- 
creases at the rate of approximately 34 db/mc over the 
narrow range of 500 kc; at higher frequencies the de- 
crease was much less. Heavy interference prevented 
measurements between 14.8 and 16.5 mc, but com- 
paratively low-level scatter signals are observed above 
16.5 mc. The delays associated with this scatter are 
shown in Fig. 2(b), with a duration of scatter delays up 
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(14:37-15:02 EST, June 12, 1958). (a) Median signal level dependence on frequency. 


b) Signal delay time dependence on frequency. 


to 70 usec. It appears that the delay times associated 
with the last arriving scatter signals may be caused by 


‘sporadic E transmission as these signals can also be ob- 


served below the MUF. 

By way of contrast, for E-layer transmissions that 
show rather less scatter signal components above the 
MUF, a signal level falloff above the MUF of some 45— 


~ 50 db/mc has been observed over a frequency range of 
- greater than 1 mc. Moreover, the high ray strength was 
lower than the low ray strength by greater than 20 db 
~ for all frequencies except those very close to the MUF. 
_ In this case, there is occasionally pronounced signal en- 
hancement near the MUF, although focusing of the 


low and high E rays is not a general occurrence for 


-, observations that use narrow pulses. Similar lack of 
focusing has been noted by Salaman.* 


4R. K. Salaman, “An Experimental Study of Pulse Amplitude 
MUF,” presented at URSI-IRE Spring Meeting, 


It would clearly be of great value in improving the 
utilization of the HF band if operators of circuits could 
be provided with information on the frequency and 
time dependence of the signal strength and multipath 
duration. While it would not be necessary, or indeed 
feasible, to provide information with the detail illus- 
trated on the three-dimensional model, it is believed at 
present that, with some loss in resolution, information 
can be made available to communicators if oblique 
sounding techniques similar to those described are used. 

The authors acknowledge the assistance of EMI- 
Cossor Electronics Ltd., Dartmouth, Nova Scotia in 
obtaining these results. The research group of EMI- 
Cossor Electronics engaged in ionospheric studies has 
constructed the oblique sounding system and has 
operated the sounding transmitter. They also acknowl- 
edge the value of helpful discussion on these trials with 
W. L. Hatton of the Defence Research Telecommuni- 
cations Establishment, Ottawa. 
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